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List of  Issues  

•  Nils (physics) 
–  Modes : Instabilities , r-modes 
–  Glitches 
–  Cooling 
–  Superfluidity 

•  Kostas (dynamics) 
–  Instabilities f-modes 
–  Magnetized NS (magnetars) 

•  QPOs 
•  Non-linear evolutions of  magnetic fields 
•  Emission of  GWs 



Neutron Star “ringing” 
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p-modes: main restoring force is the 
pressure (f-mode) (>1.5 kHz) 
	  

Inertial modes: (r-modes) main 
restoring force is the Coriolis force  

Torsional modes (t-modes) (>20 Hz) shear 
deformations. Restoring force, the weak 
Coulomb force of  the crystal ions.  

	  

w-modes: pure space-time modes (only in 
GR) (>5kHz) 
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…	  and	  many	  more	  
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Effect of  Rotation & Magnetic Fields 

ROTATION 
Ø  Frame dragging 

Ø  Quadrupole deformation 

Ø  Rotational instabilities 

	  

MAGNETIC FIELD 
Ø  No significant effect in the 

fluid frequencies and 
damping/growth times 

Ø  For magnetars we may 
observe Alfvén oscillations 

magnetic energy
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f-modes: Asteroseismology I 
We can produce empirical relation relating the parameters of  the neutron 

stars to the observed frequencies. 

Gaer,g-‐Kokkotas	  2008,	  2010	   € 
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f-modes: Asteroseismology II 
Damping or Growth Time 

Gaer,g-‐Kokkotas	  2008,	  2010	  

τ 0
τ

"

#$
%

&'

1/4

≈ sgn(σ i )0.71
σ i

σ 0

*

+,
-

./
1+ 0.048 σ i

σ 0

*

+,
-

./
+ 0.35 σ i

σ 0

*

+,
-

./

2"

#
$
$

%

&
'
'

τ 0
τ

"

#$
%

&'
≈ −0.66 1− 7.33 σ c

σ 0

+

,-
.

/0
+15.06 σ c

σ 0

+

,-
.

/0

2

− 9.26 σ c

σ 0

+

,-
.

/0

3"

#
$
$

%

&
'
'

30/5/12 Tobermory 6 



TIME	  

O
SC
IL
LA

TI
O
N
	  A
M
PL
IT
U
DE

	  

STABLE	  PHASE	  

UNSTABLE	  GROWING	  PHASE	  
Dura,on	  20	  sec	  -‐	  20	  min	  

SATURATION AMPLITUDE REACHED 
Mode is damped via shocks or 

mode coupling 

Rota,on	  
Temperature	  

EoS,…	  

The Excitation of  Secular Instabilities 

UNKNOWNS(?) 
ü Critical rotation 
ü Maximum Amplitude 
ü Duration 
ü Differential Rotation 
ü Instability Window 
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TEMPERATURE	  

RO
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O
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Ω
/Ω

K	  

107	  K	   1010	  K	  

0.05	  

0.85	  

1.00	  

ü  Stergioulas+Friedman 1998 
ü  Gaertig+Kokkotas 2008 
ü  Krüger+Gaertig+Kokkotas 2009 
ü  Zink+Stergioulas+ … 2010 
ü  Gaertig+Kokkotas 2010 
ü  Gaertig+Glampedakis+Kokkotas

+Zink 2011 

INSTABILITY WINDOW 

Magnetic field 
Hyperon viscosity 
Crust 
Quark matter r-‐mode	  

f-‐mode	  

108	  K	   109	  K	  

Shear	  
Viscosity	  

Bulk	  
Viscosity	  

Kepler	  limit	  

Mutual friction 
Lindblom&Mendel‘95	  

ü  Lindblom, Owen, Morsink 1998 
Andersson+Kokkotas+Schutz 1999 

ü  Kokkotas+Stergioulas 1999 
ü  Bildsten+Ushomirsky 2000 
ü  Lindblom+Ipser 2002 
ü  … 
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f-mode Instability 

10Hz	   100Hz	   1000Hz	  

Onset	  of	  
instability	  

Unknowns (?): 
ü  Duration (width of  the instability window) 
ü  Amplitude (saturation) 
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f-mode: Instability window 
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Instability Window 

Gaertig, Glampedakis, Kokkotas, Zink (2011) 

ü  For the first time we have the window of  f-mode instability in GR 
ü  Newtonian: (l=m=4) Ipser-Lindblom (1991) 

Mutual friction 

…typical  
Growth Time 
 
~38 sec   l=2 
~56 sec  l=3 
~264 sec    l=4  

>>33 min 

N=0.66 
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Animation of  the l=m=2 f-mode 
Kastaun, Willburger, Kokkotas (2010) 

ü  Quasi-Radial &Axisymmetric: damped due to shock formation 
ü  Non-axisymmetric: damped due to wave breaking on the surface 
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Detectability of  an unstable f-mode 
at 20Mpc 

2
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FIG. 1: N=1 polytrope with B = 1011G.

where G and c are, respectively, the gravitational con-
stant and the speed of light.

In an inviscid star, the gravitational radiation drives
a mode CFS unstable when the stellar rotation drags a
counter-rotating mode toward co-rotation, as seen in the
inertial frame. The mathematical condition of this in-
stability is given by ! (! �m⌦)  0, which corresponds
to ⌧

gw

 0 [see equation (8)]. However, various dissi-
pative mechanisms operate in realistic stars and tend to
stabilise the mode evolution. The onset of the instability
and its growth is therefore controlled by the sign of the
global timescale which must be ⌧  0.

The bulk and shear viscosity coe�cients depend on the
neutron star matter and its state. For a npe matter in
normal state, i.e. with not superfluid/superconducting
components, the viscous coe�cients have been already
presented in analytical form in [1, 4]. The bulk viscosity
coe�cient, determined in [5], is given by

⇣ = 6⇥ 10�59⇢2 !�2 T 6 g cm�1s�1 , (11)

where T is the star’s temperature. This expression is
strictly valid for a “small” oscillation amplitude, within
the so-called sub-thermal regime. If the mode ampli-
tude is su�ciently large, non-linear terms may become
important and increase the strength of the bulk viscos-
ity [6, 7]. However, the e↵ects of the non-linear bulk
viscosity on the f-mode instability appear at quite large
mode amplitudes and have a moderate impact on the
gravitational wave instability [8]. In this work, we limit
the f-mode growth at relatively small amplitudes, thus
non-linear bulk viscosity does not a↵ect our results.

For normal npe matter, the shear viscosity is domi-
nated by neutron collisions and the resulting coe�cient
is given by [1, 4]

⌘ = 347⇢9/4 T�2 g cm�1s�1 . (12)

We determine the viscosity damping times by introduc-
ing the expressions (11) and (12), respectively, in equa-
tions (4) and (5).

III. THE F-MODE EVOLUTION EQUATIONS

We have presented so far the standard method for de-
termining the total timescale ⌧ of an f-mode. This quan-
tity, which is generally a function of the star’s rotation ⌦
and temperature T , is important to identify the parame-
ter space of the gravitational wave driven instability. It is
typically well represented in a T �⌦ plane by the region
above the critical curve ⌧ = 0 (e.g. see figure 2). This
description is clearly static as no information about the
evolution of the star and mode amplitude is given. To
study the instability evolution we derive, in this section,
a system of equations for the mode’s amplitude, star’s
rotation and temperature.
This approach is based on the formalism already devel-

oped for the gravitational wave r-mode instability [9]. We
extend this analysis to the f-mode and study the impact
of thermal heating, magnetic field breaking and simulta-
neous excitation of the f- and r-mode. Another important
di↵erence in our description is that we determine the rele-
vant quantities of the system by using the time evolutions
of relativistic and rapidly rotating neutron stars.
In the non-linear study of the secular bar-mode insta-

bility [10–13], it is reasonable to discern two dynamical
phases of the f-mode instability, namely the mode’s ex-
ponential growth and its non-linear saturation [9]. As
the star enters the instability window, the mode grows
exponentially whilst the star slowly spins down on vis-
cous timescales. This growth phase ends when either
non-linear dynamics or dissipative processes saturate the
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If the initial magnetic field is > 1012 Gauss the instability can be supresed 
significantly 

Here we assume that the saturation amplitude is α=10-4          10-6 M¤
 c2 



MAGNETARS 
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Strong	  Magne,c	  Fields	  in	  Neutron	  Stars	  

30/5/12 Tobermory 

•  Rotation varies due to magnetic breaking 

•  Only infer exterior dipole component 

•  Magnetars 

 Bd ~ 3.2 ×10
19 P P( )1/2G

Bd ≥ 10
14 −1015G

15 



Magnetars	  
•  Young,	  slowly	  spinning	  (P~10s)	  systems	  (about	  21)	  

•  Exhibit	  regular	  γ-‐ray	  flares	  
–  Believed	  to	  be	  powered	  by	  magneBc	  field	  
–  Either	  trigger	  or	  are	  preceded	  by	  starquakes	  
–  Some	  linked	  to	  glitches	  
	  

•  Three	  giant	  flares	  observed	  with	  peak	  luminosi,es	  ~1047	  erg/s	  
–  March	  5,	  1979	  : 	   	   	  SGR	  0526-‐66	  
–  August	  27,	  1998	  : 	   	  SGR	  1900+14	  
–  December	  27,	  2008: 	  	   	  SGR	  1806-‐20	  
	  

•  Giant	  flares	  
–  QPOs	  –	  10’s	  -‐100’s	  of	  Hz	  
–  MagneBc	  field	  reconstrucBon	  
–  Possible	  f-‐mode	  excitaBon	  
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Magnetars: 
Quasi-Periodic Oscillations 

ü Giant flares in SGRs 
•  Up to now, three giant flares have been detected. 

§  SGR 0526-66 in 1979,  

§  SGR 1900+14 in 1998,  

§  SGR 1806-20 in 2004 

•  Peak luminosities : 1044 – 1046 erg/s 

•  A decaying tail for several hundred seconds follows the 
flare. 

ü QPOs in decaying tail (Israel et al. 2005; Watts & Strohmayer 2005, 2006) 

•  SGR 1900+14 : 28, 54, 84, and 155 Hz 

•  SGR 1806-20  : 18, 26, 29, 92.5, 150, 626.5, & 1837 Hz 
             (possible additional frequencies : 720 & 2384 Hz) 

Watts & Strohmayer (2006) 

QPOs 

30/5/12 17 Tobermory 



Alfven	  Con,nuum	  +	  Discrete	  oscilla,ons	  

Only Crust Oscillations 
•  Sotani,Kokkotas,	  Stergioulas	  2007	  
•  Samuelsson,	  Andersson	  2007	  
•  Steiner,	  Wafs	  2009	  
 
Without Crust 
•  Levin	  2007	  
•  Sotani,Kokkotas,	  Stergioulas	  2008	  
•  Colaiuda,	  Beyer,	  Kokkotas	  2009	  
•  Cerda-‐Duran,	  Stergioulas,	  Font	  2009	  
	  
With Crust 
•  Van	  Hoven,	  Levin	  2011,	  2012	  
•  Cerda-‐Duran,	  Stergioulas,	  Font	  2011	  
•  Gabler	  et	  al	  2011	  
•  Colaiuda,	  Kokkotas	  2011,	  2012	   ONLY AXISYMMETRIC AXIAL OSCILLATIONS 
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Frequency(Hz)

 

 

APR14 B = 4 ! 1015 Gauss
crustal modes 

discrete Alfvén modes
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Gregory & Loredo method application to the 
SGR flare 

QPO frequencies as expected by 
   Colaiuda, Beyer, Kokkotas (2009) 

58 

22 

At least three more frequencies 
detected by our method … 

116 

Hambaryan, Neuhaeuser, Kokkotas 2011 

153 
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SGR 1806-20 

EoS : APR (NV) 
Mass: M = 1.4M¤  
Radius: 11.57 
B-field : 2x1015 Gauss 
Crust : 0.099R 
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crust

55 6628 8322

discrete Alfvén modes

APR14 B = 4.25 ! 1015 Gauss

Colaiuda,	  Kokkotas	  2011a	  

EoS : APR  or WFF 
Mass: M=1.4M¤  
Radius: 11.57 or 10.51 km 
B-field : 4.25x1015 or 4x1015 Gauss 
Crust : 0.099R or 0.085R 

SGR 1900+14 

Explain all observed QPOs (!) (?) 
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discrete Alfvén modes
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Latest News (Colaiuda, Kokkotas 2011b) 

 
ü  The combination of  poloidal+toroidal magnetic 

fields leads to PURE discrete spectrum 
ü  The results of  the magnetar seismology remain 

unchanged ! 



Magnetars & Grav. Waves 
•  3D	  -‐	  GRMHD	  simula,ons	  of	  known	  and	  arbitrary	  ini,al	  

magne,c	  field	  configura,ons	  

•  Magne,c	  field	  instabili,es	  relevant	  for	  flare	  genera,on	  
instability	  mechanisms,	  relevant	  Bmescales,	  phenomenology	  (GR)	  

•  Understanding	  stable	  magne,c	  field	  configura,ons	  mixed	  
poloidal	  -‐	  toroidal	  configuraBons,	  relevant	  strengths	  of	  components,	  mulBpolar	  
structure...	  

30/5/12 Tobermory 21 



Poloidal Field Instabilities 

k=0 
“Varicose/
Sausage” 

k=1 
kink 

Markey & Tayler 1973 
Braithwaite& Spruit 2006 
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Our GR-MHD-Hydro Code 

30/5/12 Tobermory 

THOR 
ü  3 Dimensional 

ü  Fully Non-Linear 

ü General Relativistic 

ü GR-MHD 
ü Cactus 

Horizon 
GPU version of THOR 
(maybe the fastest code in the 
market!) 23 



Poloidal	  Field	  Instabili,es	  
Lasky,	  Zink,	  KK,	  Glampedakis	  ApJL	  (2011)	  

30/5/12 Tobermory 24 

Similar simulations by AEI group but for much shorter time 



Simulation of  Magnetic Field Instability 
Lasky, Zink, KK, Glampedakis ApJL (2011) 
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Magnetars & GWs 

10Hz	   100Hz	   1000Hz	  

•  Many	  mode	  frequencies	  in	  the	  op,mal	  band	  of	  GW	  detectors	  
•  Ideal	  Source	  for	  Mul,-‐messenger	  Astronomy	  
•  It	  will	  be	  hard	  to	  excite	  density	  perturba,ons	  
•  Emode	  ≈	  10-‐3	  -‐10-‐5	  	  Eburst	  ?	  
•  Amplitude	  of	  GWs	  UNKNOWN	  (Only	  Galac,c	  Sources)	  

✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ 

x10-4 
✪

f-mode? 
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GW	  from	  Magnetars	  

•  EM	  energies:	  SGR	  1806-‐20,	  2004	  ……	  ~5x1046	  erg	  
•  GW	  energy	  upper	  limits	  (Abadie	  etal	  2011)	  

– White	  noise:	  3x1044	  erg	  
–  F-‐mode:	  2x1047	  erg	  

30/5/12 Tobermory 

Theoretical Work 
•  Ioka (2001) – change in moment of inertia from optimal B-field 

reconfigure ………………………………... 1049 erg 
•  Corsi & Owen (2011) – as above  ……... 1049 erg 
•  Levin & van Hoven (2011) – excitation of f-mode from external field 

excitation  ………………………………… ≤1041 erg 
•  Ciolfi etal (2011)  - NR excitation of the f-mode from inertial field 

rearrangements (B~1017) (S/N ~2-5) 
27 



Gravitational Waves from Magnetars 
Zink, Lasky, Kokkotas (2011) 
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Gravita,onal	  Waves	  

30/5/12 Tobermory 

h ≈ 1.1×10−27 10kpc
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Detectability	  I	  

30/5/12 Tobermory 

Bpole~6x1016 G 

Bpole~8x1015 G 

Bpole~3x1015 G 

30 



More	  models	  and	  EoS	  

30/5/12 Tobermory 31 

14

Model ! ! M R Freq.
!

!nc
2

n!
n

"

[M!] [km] [kHz]

A0 1.67 0.0400 1.31 19.28 1.2

B0 2.00 0.0269 1.31 12.68 1.7

C0 2.34 0.0195 1.31 11.54 1.8

D0 2.46 0.00936 1.31 8.47 2.5

TABLE I: Equations of State parameters used throughout the
article. Note that model B0 is our non-rotating fiducial model
from [31, 32] and section III and models C0 and D0 are EoSs
II and A respectively. The 0 label represents no rotation, M
is the gravitational mass, R the equatorial radius and Freq.
in the final column is the fundamental f -mode frequency of
the system giving the characteristic fluid timescale.
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FIG. 17: Maximal strain, hmax
" , as a function of polar surface

magnetic field strength for non-rotating models presented in
table I. These models all have constant stellar radius.

strain, surface magnetic field strength, stellar radius and
mass.

Table I shows the EoS parameters that we utilise
herein. For each EoS we have constructed a series of
models with central magnetic field 1.6! 1016G " |Bc| "
2.7 ! 1017G. Depending on the EoS, these models will
have di!erent surface magnetic fields and di!erent Alfvén
timescales. For each model we plot the maximum value of
the cross-polarisation of gravitational wave strain, hmax

! ,
as a function of the surface magnetic field strength at the
pole, Bpole, in figure 17. As the star becomes more com-
pact (i.e. as " increases), the strain evaluation for the
models with weaker magnetic fields becomes more di#-
cult. Therefore, for the below analysis, we restrict our
attention only to the stronger field strength models for
which the power-law relation is valid.

Figure 17 shows the dependence of strain on the
mangetic field and also the equation of state, where ex-
plicit dependence is imposed on the radius of the star.
The full functional dependence of this relation will also
include the stellar mass (or alternatively the central den-
sity). We have therefore produced extra series’ of models
for equations of state B0 and C0, allowing the mass to
vary. This allows us to perform a full, least squares fit
over the four parameter space hmax

! , R, M and Bpole,
finding the following relation

hmax
! = 8.5! 10"28

!

10 kpc

d

"!

R

10 km

"4.8 ! M

M#

"1.8 ! Bpole

1015G

"2.9

(18)

This result is consistent with that presented in Zink et al. [32] in that hmax
! goes approximately to the third power

of the magnetic field strength. The additional factors in this equation are the dependence on the stellar radius and
mass, R and M , which scale almost to the fifth and second powers respectively.

As previously discussed, a majority of the energy in the signal associated with hmax
! is in the f -mode. We can

therefore calculate an approximate amount of energy emitted in gravitational radiation by noting [81]

EGW =
2!2d2f2c3

G

# $

"$

$

h2
%

dt, (19)

where f is the f -mode frequency of radiation. Assuming a gravitational wave damping time of 100ms, we find a

15

power-law relation for the total energy emitted in gravitational radiation via the f -mode to be4

EGW = 1.7! 1036
!

R

10 km

"9.6 ! M

M!

"3.6 ! Bpole

1015G

"5.8

erg. (20)

This highly non-linear relationship with the radius
could have implications for gravitational wave detection.
If nature is kind to us, and we find that the EoS of neu-
tron stars are soft, implying their radii are large with
respect to the fiducial model, then gravitational wave de-
tection of f -modes from magnetar flares becomes more
likely.
It is worthy of note that, while the lower field values

for the D0 model are o!-kilter, and hence have been ex-
cluded from the above analysis, the three stronger field
models are consistent with the above relation. We have
confirmed this by removing all of the D0 models, at which
point the least squares analysis gives similar results to
those presented above.
In the above we have calculated the maximal strain

seen in our simulations rather than a time integrated
signal such as a traditional root-sum-square amplitude
h2
rss =

#"

#"
(h$)

2 dt [e.g. 66]. The main reason for this
is that a time integrated signal would require us to de-
fine a time for the onset of the instability. This is be-
cause there is no intrinsic damping in the system (i.e. we
are working in the Cowling approximation, implying the
dominant f -mode damping mechanism is not present),
implying we would have to ensure we only integrate for
T seconds (where T is the damping time of any particular
mode) following the onset of the instability. Integrating
beyond this time would artificially grow the hrss signal.
Moreover, were we to integrate from the very beginning
of our simulation out to some fixed time, this would in-
troduce a systematic error as a function of the magnetic
field strength, due to the onset of the instability being a
function of the Alfvén timescale of the system.
Instead of the aforementioned approach, we calcu-

late the signal amplitude,
"
T
$

$

$
h̃ (f)

$

$

$
, for our simula-

tions as a function of the frequency, such that this
value can be directly compared with the noise power
spectral density,

%

|Sh (f)|, of individual gravitational
wave detectors, and the amplitude signal-to-noise ratio,"
T
$

$

$
h̃ (f)

$

$

$
/
%

|Sh (f)|, can simply be read of the resul-

tant figure. To calculate our signal amplitude, we take a
Fourier transform of a portion of our derived, h$ that is
post kink instability saturation and lasts approximately
150ms (this value ensures we get a reasonable number
of oscillations in the lower portion of the spectrum). We
then multiply by the relevant damping times and plot
the results in figure 18.
In particular, each panel of figure 18 represents dif-

ferent EoSs given in table I. For each EoS we have run
multiple models with di!erent magnetic field strengths,
and for each simulation have located the f -mode signal
amplitude and the maximal Alfvén mode signal ampli-
tude. The f -modes (coloured boxes) are plotted in figure
18 assuming a damping time between T = 50 and 200ms.
One can see that the f -mode frequency for the di!erent
EoSs ranges from # 1.2 kHz for models A0 to # 2.5kHz
for models D0. Moreover, for all of the models presented
herein, only the largest strength magnetic field model
(with surface field strength B15 = 18) with the softest
EoS is observable by the Advanced LIGO detector. It is
worth noting that the strongest magnetic field observed
to date in a magnetar is almost a full order of magnitude
less than that modelled for this particular star. The de-
tectability situation of f -modes could change slightly if,
for example, neutron stars have interior toroidal mag-
netic fields an order of magnitude larger than the ob-
served dipole poloidal field. Although this situation is
unlikely due to stability arguments, a point we discuss in
more detail below.
For each EoS in figure 18 we also plot two or three

full spectra with assumed damping time of T = 100ms.
While the f -mode is abundantly clear in all of these
curves (except from model A0 with B15 = 18 – a point
we discuss below), lower frequency Alfvén oscillations are
also clear in each of these simulations. As discussed pre-
viously, the damping time for these modes is largely un-
clear, but is likely significantly longer than a millisec-
ond. Therefore, for each maximal Alfvén mode, we have
also plotted a vertical dumbbell (i.e. a skinny line with
bulbous ends) with damping times between T = 10ms
and 1 s. For significantly lower values of magnetic field
strength, these bars become closer to the lower limit of
detection for both the Einstein Telescope and possibly
even Advanced LIGO. This is especially true when one
considers that the damping time of these modes could,
in fact, be minutes or even significantly longer. These
modes, as with the f -modes discussed above, are also
better excited for softer EoSs, corresponding to larger
neutron stars.
It is important here to mention the signal amplitude

of the A0 model with B15 = 18. This model has
an Alfvén crossing time of approximately !A = 1.1ms,
which corresponds to a fundamental Alfvén frequency of
fA = 910Hz. Moreover, the f -mode frequency of the A0
simulations is approximately 1170Hz. One can therefore
see from the Fourier transform that the region around

4 We note the error in our published article Zink et al. [32] where,
in equation (2), we have an anomalous dependence on the dis-
tance to the source in the relationship for the gravitational wave
energy.
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FIG. 19: Angular momentum, J , and T/|W | for models with
initial rotational period of 200Hz. Model A has 1203 with zero
magnetic field. Models B – E are all B200; model B has 1203

grid-points (i.e. is model our canonical simulation set-up),
model C has 1803 grid-points with outer boundaries located
further from the star (such that the resolution across the star
remains the same as model B). Model D has 1503 grid-points
with the outer boundary located the same distance as in B,
and E has 1503 grid-points with linear extrapolation for the
magnetic field used at the outer boundaries rather than the
standard Dirichlet boundary conditions for the other models.

Because of the loss of angular momentum in our system
we are presently restricted to only discussing the onset
and nature of instabilities, and can not provide any in-
sight into the nature of pseudo-equilibria attained after
long evolution times. In figure 20 we plot the absolute
value of the angular momentum, normalised to the initial
state, as a function of time for our models presented in ta-
ble II. One can see here that our simulations retain more
than 50% of their angular momentum for approximately
100ms, corresponding to more than 40 Alfvén timescales
and between 10 and 40 initial rotational periods. As we
shall see below, these timescales are long enough to dis-
cuss much of the dynamics of the systems in terms of the
evolution of the varicose and kink instabilities. However,
we stress that these losses of angular momentum imply
that the end states of our simulations are not necessarily
representative of equilibrium states of rotating neutron
stars. We are therefore reticent to discuss such equilibria
in the present article, keeping our discussion to that of
the dynamics of the instability.

B. Instability

In figure 21 we plot C1 (B!) andEp/E (top and bottom
panels respectively) for the series of models presented in
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FIG. 20: Normalised absolute value of the angular momen-
tum, |J |/|J0 |, where J0 = J(t = 0), as a function of time for
our models in table II.

table II, with initial rotational frequencies of between 0
and 400Hz.
If we focus our attention on the initial first few ms of

the simulation, particularly in terms of the Ep/E quan-
tity (lower panel), we see a large trough reaching as low
as Ep/E ! 0.8 for the 400Hz model, but smaller for lower
rotation rates. This is a result of the mapping between
the spectral grid and our Cartesian grid. The e!ect is to
introduce strongly toroidal components into the magnetic
field in the first few milliseconds, particularly around the
equatorial region near the neutral line of the field. As can
also be seen in this figure, this non-physical e!ect also
vanishes after the first few Alfvén crossing timescales,
and the simulation reduces to an almost purely poloidal
state.
The immediately striking part about figure 21 is that

the instability timescale in terms of the Cm (B!) quan-
tities is independent of the rotational velocity. For all
initial rotational velocities, we see the C1 (B!) grow ex-
ponentially by over six orders of magnitude in approxi-
mately 50ms. This is the same growth timescale of the
instability in terms of the poloidal to total energy ratio
for the case with zero rotation rate. However, this is not
the case for the rotating simulations. For example, if we
focus our attention on model B100 (blue dashed line),
one can see that the timescale for the ratio of poloidal
to total magnetic energy to reach the canonical “equi-
librium” value of Ep/E ! 0.65 is approximately 80ms.
In this case, the rotation has slowed the development of
the instability in terms of magnetic field reconstructions.
This is more extreme for the 300 and 400Hz models (dot-
ted green line and dot-dash pink line respectively), which
are shown to be stable for the full 115ms evolution shown
here.
The seeming contradiction in growth timescales can be

understood by noting that the CmB! quantities trace any
change in the structure of the magnetic field around the
equator, while Ep/E only tracks the growth of toroidal
magnetic field. In terms of the two known instabilities
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Model Bc ! ap/ae !! !A
!

1015 G
"

[Hz] [ms] [ms]

B0 100 0 0.99 ! 2.4

B100 100 100 0.99 10.0 2.4

B200 100 200 0.97 5.0 2.4

B300 100 300 0.94 3.3 2.4

B400 100 400 0.90 2.5 2.3

TABLE II: Rotating models. Our model has equation of state
B given in table I, with central field of Bc = 1.0 " 1017 G.
Moreover, ! is the rotational frequency, ap/ae is the ratio of
equatorial to polar radii and !! & !A are the rotational period
and Alfvén timescale respectively.

instabilities.
The first work on the stability of purely poloidal, ro-

tating fields was from Geppert and Rheinhardt [53], who
performed three-dimensional, non-linear numerical simu-
lations by use of a spectral code. They found that stars
rotating with su!ciently high rotation speeds, quantified
as "A/" ! 0.1, and with roughly aligned magnetic and
rotation axes, will have suppressed instabilities. In con-
trast, Braithwaite [83] also performed nonlinear, global
simulations of rotating poloidal magnetic fields, finding
that the initial linear phase of instability growth was
not a#ected by the presence of rotation. However, while
Braithwaite [83] found that the nonlinear phase is af-
fected by rotation, the instability was always present re-
gardless of the rotation speed. Lander and Jones [54] re-
cently performed linear simulations of rotating poloidal
fields, showing that some, but not all modes were sta-
bilised by the presence of rotation.
Herein we attempt to resolve some of the afore-

mentioned contradictions, simultaneously performing the
first simulations of rotating poloidal fields in general rel-
ativity.
For our rotating simulations we revert back to the fidu-

cial EoS – i.e. a $ = 2 polytrope as described in section
III. We have created a series of rotating models utilising
the spectral solver lorene with central magnetic field
strength of Bc = 1.0! 1017 G, corresponding in the non-
rotating limit to a surface field strength of B15 = 16. We
summarise the properties of this models in table II.

A. E!ect of Magnetic Field on Rotation Rate

Our simulation method is identical to the previous sec-
tion. Initial conditions are created on a spectral grid us-
ing lorene, which is then mapped to our Cartesian grid
measuring 120 grid-points in all directions. No perturba-
tion is added, and we allow the simulation to evolve.
It is worth noting from the outset that we see a not-

so insignificant spin-down of the rotating star due to the
presence of the magnetic field. This is shown in figure

19, where we plot measures of the rotational energy in
the system for five rotating models, all with initial spin
period of !! = 5.0ms. In the top panel of figure 19 we
plot the angular momentum, J , defined as

J =

!

"
naT

a
!
"
"d3x, (21)

where nµ is the four-vector that is hypersurface orthogo-
nal to surfaces of constant time, "ij is the three-metric of
the spatial hypersurface % and T µ" is the stress-energy
tensor. In the bottom panel of figure 19 we plot the ratio
of the rotational kinetic energy to gravitational binding
energy T/ |W |. For definitions of these quantities see
Stergioulas [84]. It is worth noting that, for our calcu-
lation of the angular momentum, we assume the system
remains axisymmetric. i.e. that #! is a Killing vector.
While this will introduce an error into the calculation
of the angular momentum, we expect this to be minimal
due to the fluid remaining almost axisymmetric, with de-
viations from this only arising due to non-axisymmetries
induced by the magnetic field.
Model A in figure 19 has zero magnetic field through-

out the star. The angular momentum and T/|W | are
extremely well conserved over the twenty spin periods
shown in this figure. We have evolved such a simula-
tion for almost 700ms, showing conservation of angular
momentum on the order of 7%.
Models B – E of figure 19 are all B200 from table II;

model B has 1203 grid points with the outer boundary
located at approximately 1.4 times the surface of the star
(i.e. this is our canonical simulation set-up that will be
used throughout the remainder of the article), model C
has 1803 grid-points, however the outer boundary of the
star has been moved to a greater radius such that the
grid resolution across the star is the same as in model
B. In model D we have 1503 grid-points with all other
quantities being the same as model B. Finally, in model
E we have used 1503 grid-points and implemented a linear
extrapolation boundary condition for the magnetic field
at the outer-boundary of the domain. This is in contrast
to the Dirichlet boundary conditions used for all other
simulations.
One can see from figure 19 that the loss of rotational

energy is almost independent of our simulation method
(in terms of resolution, boundary location and magnetic
field boundary conditions). In fact, the dominant factor
in the loss of angular momentum is the strength of the
magnetic field, implying this scales almost linearly with
the Alfvén timescale of the system. We note here that
model E in figure 19 has a slight up-turn in angular mo-
mentum and T/|W | after approximately 85ms. This is
not a conservation of rotational energy, rather this sim-
ulation develops a numerical instability that develops at
the boundary of our domain and causes the simulation
to crash shortly after 100ms. Higher-order interpolation
schemes at the boundary could act to stabilise such a
scheme, however figure 19 indicates that this would not
change the rate of rotational energy loss from the system.

Significant loss of angular momentum 
•  Most probably numerical reason 
•  As the magnetic field becomes 

weaker the loss becomes smaller 
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Conclusions 
•  Rotational Instabilities of  Neutron Stars  

ü Are potential sources for GW beyond our galaxy 
ü Many open issues (growth time, EoS, non-linear 

coupling,…) have already been resolved. 

 
•  Dynamics of  magnetars  

ü Offers the possibility to understand their structure 
ü Most probably a weak source for GW with the 

present generation detectors 
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