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QCD is a key part of the Standard Model but quark 
confinement is a complication/interesting feature.

ATLAS@LHC

vs

Properties of hadrons calculable 
from QCD if fully nonperturbative 
calculation is done - can test QCD 
and determine parameters very 
accurately (1%). 
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Rates for simple weak or em 
quark processes inside hadrons 
also calculable, 
but not multi-hadron final 
states in general. 
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Lattice QCD =  fully nonperturbative 
QCD calculation 
RECIPE
• Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral
(inc effect of u, d, s (+ c) sea quarks)
• Calculate averaged “hadron 
correlators” from valence q props. 

• Determine      and fix       to get 
results in physical units.

a mq

• Fit as a function of time to obtain 
masses and simple matrix elements

a
• extrapolate to                               
for real world

a = 0, mu,d = phys
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Example parameters for calculations now being done. 
Lots of different formalisms for handling quarks.

mass 
of u,d 
quarks

real 
world  0
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MILC HISQ, 2+1+1
BMW clover, 2+1

Need volume:

mu,d ≈ ms/10

mu,d ≈ ms/27

mπL > 3

u,d,s,c in sea
Highly Improved 
Staggered Quarks

u,d,s in sea
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Example (state-of-the-art) calculation 

R. Dowdall et al, HPQCD, 1303.1670

Extract meson mass and 
amplitude=decay constant 
for multiple lattice spacings 
and mu/d

Convert decay constant 
to GeV units using a. Fit 
as a function of meson 
mass and a to obtain 
continuum physical 
result.
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Results for the masses of mesons that are long-lived and so can be 
well-characterised in experiment
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Figure 14. Summary of the charmonium spectrum up to around 4.5 GeV labelled by JPC
. The

red and green boxes are the masses calculated on the 24
3
volume; black lines are experimental

values from the PDG [21]. We show the calculated (experimental) masses with the calculated

(experimental) ηc mass subtracted. The vertical size of the boxes represents the one sigma statistical

uncertainty on either side of the mean. The dashed lines indicate the lowest non-interacting DD̄
and DsD̄s levels using the D and Ds masses measured on the 16

3
ensemble (fine green dashing)

and using the experimental masses (coarse grey dashing).

Results from an Nf = 2 calculation (dynamical up and down quarks but quenched

strange quarks) of excited charmonia are presented in Ref. [9] using isotropic lattices with

a few different lattice spacings and mπ. They also consider mixing with light mesons in

the pseudoscalar channel and mixing with some low-lying multi-mesons states in a few

channels. In addition, preliminary results from dynamical (Nf = 2 + 1) calculations of

excited charmonium spectra have been presented in Ref. [8]. A range of pion masses and

lattice spacings are considered and chiral and continuum extrapolations are attempted.

However, both these references use a smaller operator basis compared to ours making a

robust identification of the continuum spin of the extracted states difficult. Therefore a

limited number of states can be reliably extracted and in particular the lightest exotic

hybrid (1
−+

) is difficult to unambiguously disentangled from a non-exotic spin four state.

7 Interpretation of the results

In this section we give some interpretation of our results, compare with the experimental

situation and then discuss hybrid meson phenomenology in more detail. Many of the states

– 20 –

Mapping excited states is harder ..

Charmonium spectrum:

Hadspec:1204.5425

1 value of lattice spacing and heavy u/d quarks : more work needed!

exoticaexperiment

lattice

X(3872)

Y(4260)
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Small nuclei  are harder still ..
Nuclear physics from lattice simulations Takumi Doi
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Figure 8: Compilation of !E in terms of m2" , for dineutron (1S0) (upper left), deuteron (3S1(−3D1)) (upper
right), 3H (=3He) (lower left) and 4He (lower right) channels. Note that some results do not take V → #.

explain the properties of high density matter. The origin of the short-range 3NFmay be attributed to
the quark and gluon dynamics directly. As discussed in Sec. 5.1, the short-range cores in 2B forces
are well explained by the quark Pauli exclusion. In this context, it is intuitive to expect that the 3N
system is subject to extra Pauli repulsion effect, which could be an origin of the observed short-
range repulsive 3NF. It is also of interest that the analyses with operator product expansion [47]
show that 3NF has a universal repulsive core at short distance.

7. Approaches from the Lüscher’s method

In the last few years, a number of lattice studies have been performed by extracting the energy
of the system from the temporal correlator, together with the Lüscher’s finite volume method.

Yamazaki et al. [7] performed quenched simulations with the clover fermion at a = 0.128
fm, (m" ,mN) = (0.80, 1.62) GeV with the spacial lattice size of L = 3.1,6.1,12.3 fm. Single-
state analyses were performed with two quark smearing parameters. After the infinite volume
extrapolation, they observed that both of dineutron and deuteron are bound. They also studied
2×2 diagonalization method with L= 4.1,6.1 fm. The result for the 1st excited state is consistent
with the existence of a bound state, where the 2N operator was chosen so that the ground state
energy is consistent with single-state analysis. They also performed the study of helium nuclei,
using single-state analysis with two smearing parameters. Both of 3He (=3H) and 4He are found to
be bound [6]. Recently, they repeated the study with Nf = 2+1 full QCD simulations, with clover
fermion at a = 0.09 fm, (m" ,mN) = (0.51, 1.32) GeV with L = 2.9–5.8 fm. Single-state analysis
shows that all of dineutron, deuteron, 3He and 4He are bound [8].

12

Doi:1212.1572
A lot of variation between calculations, but still at relatively heavy u/d masses ...
Need large volumes to check for real binding. 

dineutron deuteron
binding 
energy
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9. Quantum chromodynamics 29

overall χ2 to the central value is determined. If this initial χ2 is larger than the number
of degrees of freedom, i.e. larger than the number of individual inputs minus one, then
all individual errors are enlarged by a common factor such that χ2/d.o.f. equals unity.
If the initial value of χ2 is smaller than the number of degrees of freedom, an overall,
a-priori unknown correlation coefficient is introduced and determined by requiring that
the total χ2/d.o.f. of the combination equals unity. In both cases, the resulting final
overall uncertainty of the central value of αs is larger than the initial estimate of a
Gaussian error.

This procedure is only meaningful if the individual measurements are known not to
be correlated to large degrees, i.e. if they are not - for instance - based on the same
input data, and if the input values are largely compatible with each other and with the
resulting central value, within their assigned uncertainties. The list of selected individual
measurements discussed above, however, violates both these requirements: there are
several measurements based on (partly or fully) identical data sets, and there are results
which apparently do not agree with others and/or with the resulting central value, within
their assigned individual uncertainty. Examples for the first case are results from the
hadronic width of the τ lepton, from DIS processes and from jets and event shapes in
e+e− final states. An example of the second case is the apparent disagreement between
results from the τ width and those from DIS [264] or from Thrust distributions in e+e−

annihilation [278].

0.11 0.12 0.13
!!    ((""    ))s ##

Lattice
DIS 
e+e- annihilation

$-decays 

Z pole fits 

Figure 9.3: Summary of values of αs(M2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of
αs(M2

Z) = 0.1184 ± 0.0007 is indicated by the dashed line and the shaded band.

Due to these obstacles, we have chosen to determine pre-averages for each class of
measurements, and then to combine those to the final world average value of αs(MZ),
using the methods of error treatment as just described. The five pre-averages are
summarized in Fig. 9.3; we recall that these are exclusively obtained from extractions
which are based on (at least) full NNLO QCD predictions, and are published in
peer-reviewed journals at the time of completing this Review. From these, we determine
the new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 , (9.23)

June 29, 2012 14:54
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Figure 9.2: Summary of determinations of αs from hadronic τ -decays (a), from
lattice calculations (b), from DIS structure functions (c) and from event shapes and
jet production in e+e−-annihilation (d). The shaded bands indicate the average
values chosen to be included in the determination of the new world average of αs.

model and constraints on new physics from data at the Z-pole, αs(M2
Z) = 0.1197± 0.0028

will be used instead, as it is based on a more constrained data set where QCD corrections
directly enter through the hadronic decay width of the Z. We note that all these
results from electroweak precision data, however, strongly depend on the strict validity
of Standard Model predictions and the existence of the minimal Higgs mechanism to
implement electroweak symmetry breaking. Any - even small - deviation of nature from
this model could strongly influence this extraction of αs.

Determination of the world average value of αs(M2
Z)

A non-trivial exercise consists in the evaluation of a world-average value for αs(M2
Z).

A certain arbitrariness and subjective component is inevitable because of the choice of
measurements to be included in the average, the treatment of (non-Gaussian) systematic
uncertainties of mostly theoretical nature, as well as the treatment of correlations among
the various inputs, of theoretical as well as experimental origin. In earlier reviews
[243–245] an attempt was made to take account of such correlations, using methods as
proposed, e.g., in Ref. 281, and - likewise - to treat cases of apparent incompatibilities
or possibly underestimated systematic uncertainties in a meaningful and well defined
manner:

The central value is determined as the weighted average of the different input values.
An initial error of the central value is determined treating the uncertainties of all
individual measurements as being uncorrelated and being of Gaussian nature, and the

July 9, 2012 19:53

Lattice QCD sets world averages for quark masses and 
Direct access to parameters in QCD Lagrangian means systematic errors smaller

a variety of lattice methods agree

non-lattice methods have 
larger errors

PDG

PDG

αs
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Meson decay constants 
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Constraining new physics with lattice QCD 

6

come from experiment, but there are two complications
that result from simplifications in the simulations. The
first is that the simulation does not include electromag-
netism. The second is that mu = md in the simulation,
while in reality mu = 0.48(10)md [1].

The most appropriate pion mass for fπ+ is the
neutral-pion mass (134.9766(6) MeV [1]). All π mesons
would have this mass in a world without electromag-
netism—our simulations, for example—up to very small
(quadratic) corrections from the u−d mass difference.
These corrections are estimated at 0.32(20)MeV for Mπ+

in [27]. For our purposes, it is sufficient to take 0.32MeV
as the uncertainty in the pion mass, and ignore the dis-
tinction between charged and neutral pions:

Mphys
π = 134.98(32)MeV (15)

This pion mass corresponds in our simulation to a
light-quark mass of m� = (mu + md)/2. The corre-
sponding kaon mass is one for an s� meson. This is the
root-mean-square average of the K+ and K0 masses with
additional small corrections for electromagnetism:

(Mphys
K )2 ≡ 1

2

�
(M2

K+ +M2
K0)

−(1 +∆E)(M
2
π+ −M2

π0)
�
. (16)

∆E would be zero if electromagnetic effects in the K sys-
tem mirrored those of the π. In fact it is closer to 1.
Recent lattice calculations [28–30] that include electro-
magnetic effects give values in the region 0.6-0.7. We
take ∆E = 0.65(50) to conservatively encompass these
results and this gives

Mphys
K = 494.6(3)MeV. (17)

Tuning the pion mass to Mphys
π and the kaon mass to

Mphys
K in our fits sets the strange-quark mass to its phys-

ical value, and the light-quark mass to the average m� of
the u and d masses. This light-quark mass is correct, to
within our errors, for the valence quarks in the pion, and
for sea quarks in all three mesons.

This tuning is not correct, however, for the
K+’s valence light-quark, which is a u quark, with
mass 0.65(9)m�. This difference produces a small but
significant downward shift in fK+ . To compute the cor-
rected K+ decay constant, we evaluate our fit formulas
with a pion mass given by

�
0.65(9)Mphys

π , while adjust-
ing the kaon mass so that 2M2

K − m2
π is unchanged (to

leave the s-quark mass unchanged). These adjustments
are made only for the valence-quark masses in the K+;
the valence-quark masses in the pion and ηs, as speci-
fied by Mphys

π and Mphys
K , are left unchanged, as are the

sea-quark masses in each of the mesons.

D. Fit Results

We fit w0 times each of the decay constants and each
ηs mass in Table III to the formulas above, as functions

0 1805
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FIG. 2: Fit results for the π, K, and ηs decay constants
as functions of the light-quark mass for three different lat-
tice spacings: 0.15 fm (top/blue), 0.12 fm (middle/green), and
0.09 fm (bottom/red). The data shown are from Table III,
with corrections for errors in the s masses, and for finite-
volume errors. The lines show our fit with the best-fit values
of the fit parameters. The dashed line is the a = 0 extrap-
olation, and the gray band shows our continuum results at
the physical light quark mass point with m� = (mu +md)/2.
The current experimental result for fπ+ is also shown (black
point). Note that the three plots are against very differ-
ent scales in the vertical direction: the range covered in the
fπ plot is 10 times larger than that covered in the fηs plot.

of the pion and kaon masses and w0. We also fit the
experimental value for fπ+ = 130.4(2)MeV to our for-
mula evaluated at the physical pion and kaon masses,
Eqs. (15, 17)). These fits are all done simultaneously
using the same parameters for the fit functions in each
case, and including the correlations between π, K and ηs
results discussed in Section II.
The results for the decay constants, as a function of the

light-quark mass, are shown in Figure 2. For each decay

Vus/Vud

� νl

Annihilation of             to W 
allows CKM element 
determination given decay 
constants from lattice QCD

K/π

HPQCD: 1303.1670

physical u/d quarks

fK+

fπ+

= 1.1916(21)

|Vus|
|Vud|

= 0.23160(29)expt(21)EM (41)latt

Vud from nuclear       decay now needs 
improvement for unitarity test!

β

Sunday, 2 June 2013



            : Nov. 2012 observed decay with rate 

Constraining new physics with lattice QCD
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Decay process 

is rare in Standard Model. Rate depends on 
Bs decay constant. Lattice QCD gives 
fraction of Bs decays to muons: 

b
µ

µ
s

+

H,A

~t
_

~
i

.. .
i

!
+_

FIG. 1. Example of diagram contributing to Bs → µ+µ− with leading contribution of tan3 β.
The H and A are the heavy CP even and CP odd neutral Higgs bosons, χ̃±

i (i = 1, 2) are charginos

and t̃i(i = 1, 2) are the stop bosons. Heavy marked vertices each contain a factor of tan β.

FIG. 2. Illustrated 95% C.L. limits on the branching ratio for Bs → µ+µ− at CDF in Run II
as a function of integrated luminosity. Solid (Case A) and dashed (Case B) curves are based on
different assumptions on the signal selection efficiency and the background rejection power. See

the text for details.

10

If new particles exist the 
rate could be very 
different. 

3.2± 1.5× 10−9

3.47± 0.19× 10−9

Bs → µ+µ−

HPQCD
1302.2644
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4

TABLE II. Results for form factors for D → K decay at 3 or 4 q2 values per set corresponding to different K momenta.

Set q2a2 f+(q
2
) f0(q

2
) q2a2 f+(q

2
) f0(q

2
) q2a2 f+(q

2
) f0(q

2
) q2a2 f0(q

2
)

1 0.010 0.755(13) 0.753(14) 0.43 1.090(8) 0.896(5) 0.69 1.027(2)

2 0.002 0.751(8) 0.751(9) 0.34 0.994(5) 0.862(3) 0.53 1.218(14) 0.932(3) 0.68 1.0186(15)

3 0.001 0.747(9) 0.746(9) 0.16 0.974(5) 0.847(5) 0.26 1.200(14) 0.948(6) 0.34 1.011(2)
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FIG. 4. Ratio of experimental to lattice results in each q2

bin for D0 → K−�+ν, using CLEO [7] and BaBar [4] data.

The last 3 bins are total rates for BaBar [4], Belle [5] and

BESIII [6]. Error bars from experiment and from lattice QCD

are marked separately on each point. The horizontal lines give

our fitted result for V 2
cs with its error.

q2 (the same for CLEO and BaBar) and can then make

a bin-by-bin comparison, including the correlations be-

tween bins for lattice QCD and experiment. This com-

parison is shown in Fig. 4 in which we plot the ratio of

experiment to lattice QCD for each bin, which is a value

for |Vcs|
2 from that bin. We also show the result of fitting

a weighted average over the bins to obtain a final value for

|Vcs|. We use CLEO [7] and BaBar [4] binned data and

BaBar, Belle [5] and BESIII [6] total rates for D0 → K−

to obtain |Vcs| = 0.963(5)expt(14)lattice. Different subsets
of experimental results give consistent values; the error

is smallest using all of them. For the binned data the

experimental results are most accurate at low q2, the lat-
tice QCD results, at high q2. The optimal bins for the

combination are 1 to 6 (q2 = 0-1.2 GeV
2
), see Fig. 4.

We can also compare the shape more accurately to ex-

periment using a common z-space expansion. We take

t0 = t+(1 − (1 − t−/t+0)1/2) in Eq. 8 and a specific

form for P (q2)Φ(q2) given in [7, 18]. Fig. 5 compares

our results at the physical point for b1/b0 and b2/b0 to

experiment for this case. The agreement is excellent.

Finally, we note that Fig. 3 shows both the D → K
and Ds → ηs form factors as a function of q2. The two

processes differ in their spectator quark - D → K has a

u/d spectator and Ds → ηs an s - but their form factors

agree to 2%. This was also found for B(s) → D(s) decays

in [20] and is likely to be a generic feature of heavy quark

decays. Model calculations give varying results [21, 22]

FIG. 5. 68% confidence limits on the shape parameter ratios

b1/b0 and b2/b0 from a 3-parameter z-space fit to f+ (Eq. 8

using PΦ and t0 from [7]), for lattice QCD and experiment [4,

6, 7, 19]. BaBar parameters shown are from our fit to the

binned correlated data. Our results are: b1/b0 = −2.01(23),
b2/b0 = 0.75(2.5) and correlation, ρ = −0.56.

with O(10%) effects possible.
Fig. 3 also demonstrates how small discretisation errors

are with results from coarse and fine lattices lying on top

of each other. A further check of this is a comparison of

the Ds → ηs form factors from 1-link spatial and local

temporal vector currents which also show no difference.
Conclusions. We have calculated the form factors for

D → K semileptonic decay from full lattice QCD, and

compared the shape of the vector form factor f+(q2)
to experiment across the full q2 range. We extract

Vcs for the first time using all q2 bins. Our result is

Vcs = 0.963(5)exp(14)lattice, which improves the accuracy

of our previous world’s best determination [2] of Vcs by

over 50%. At q2 = 0 we obtain f+(0) = 0.745(11).
Our result for Vcs agrees with that from CKM matrix

unitarity (0.97344(16) [23]) and gives separate tests of

the second row and column that agree with unitarity to

3%. Combining the Ds leptonic decay rate with lattice

QCD results for theDs decay constant [10] yields a higher

but consistent Vcs, for example 1.001(10)latt(26)expt using
recent Belle results [24].

We see no difference between form factors for a s or

u/d spectator quark to the c → s decay. This is also true

for c → d decays comparing D → π�ν and Ds → K�ν.
These results will be discussed elsewhere.

CLEO-c
D0→ K−e+ν
(D0→ K+π−)

K-

π-

e+

K+

ν

More detailed hadron structure: form factors
D → K�ν

rate depends on 4-
momentum transfer 
from D to K, 
parameterise by form 
factor.

3

normalised for the cγic and sγis cases by requiring that

Zf+(0) = 1. This is done in a calculation of the ma-

trix element between two identical pseudoscalar mesons

with the same non-zero momentum, achieved by giving

a ‘twist’ to the spectator quark [13]. Fig. 2 shows the re-

sults of doing this on coarse set 2 and fine set 3. We see

that the Z factor is the same, to within few % errors, for

the s and c cases and is independent of the meson used at

source and sink of the 3-point correlator. We have also

checked that results are independent of the momentum

of the spectator quark and the sea quark masses (com-

paring sets 1 and 2). We therefore take the Z factor for

the 1-link spatial cγis current to be that for the cγic case.
The local temporal vector cγ0s current is normalised by

matching to the result for f0(q2max) that we obtain from

the absolutely normalised scalar current. This is done

for Ds decay to the ss pseudoscalar denoted ηs (an un-

physical state because it is not allowed to decay in lattice

QCD). These Z factors are also shown in Fig. 2.

Both the local scalar and the 1-link vector are ‘taste-

less’ currents in staggered quark parlance and so the 3-

point correlator can be calculated between pseudoscalar

mesons created using the local γ5 (Goldstone) operator.

The local temporal vector current has spin-taste γ0 ⊗ γ0
and so, since tastes must cancel out in a 3-point corre-

lator, it is used in a 3-point function between a charmed

meson created with the local γ0γ5 operator and a Gold-

stone light meson. Using a different operator for the D(s)

produces negligible effect here because the mass differ-
ence induced by taste-changing effects is very small (less

than 4 MeV on coarse lattices and 1 MeV on fine) 1.

Results. Table II gives our raw results for f+ and f0
for D → K from combining (spatial) vector and scalar

matrix elements, after renormalising the vector. To de-

termine the functional shape of the form factors we trans-

form to z-space where:

z =

�
t+ − q2 −

√
t+ − t0�

t+ − q2 +
√
t+ − t0

, t± = (mD ±mK)
2. (7)

This maps the semi-leptonic region, 0 < q2 < t to the

interior of the unit circle, allowing for polynomial fits in

z. We then fit the form factors to

f(q2) =
1

P (q2)Φ(q2)

N�

n=0

bnz
n. (8)

To combine fits for f+ and f0 it is convenient for us to

take t0 = 0 (so that q2 = 0 maps to z = 0) and to take

the simplest form [17] for the product P (q2)Φ(q2), which

1 Taste-changing effects appear as an O(a2) effect in the square
of the mass for pseudoscalars. Differences in the mass itself are
then suppressed by the mass for charmed mesons [8].
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FIG. 3. Lattice results for f+ and f0 in (upper plot) z-space
and (lower plot) q2-space. Upper plot shows D → K f+ (plus

signs) and f0 (circles); set 1 (light blue), set 2 (black) and set

3 (dark blue). Our fit (in the a → 0 and ml → ml,phys limit)

is shown with solid and dashed lines. The lower plot shows f+
and f0 for D → K (crosses) and Ds → ηs (circles for 1-link

vector and diamonds for local temporal vector currents). The

results from the z-space fits are plotted with lines - blue for

D → K and pink for Ds → ηs.

is (1− q2/M2
X) where MX is the appropriate pole mass,

MD∗
s
for f+ and MD∗

s0
for f0.

Fig. 3 shows our results for PΦ×f in z-space, where it
is clear they have a very simple form. To obtain results

in the continuum and physical light quark mass limits,

we allow for dependence of the coefficients bn in Eq. 8 on

a and valence and sea ml (using chiral parameter δl =

0.25ml/ms,phys from Table I) as:

bn(a,ml) = An{1 +Bna
2
+ Cna

4
+Dnδl

+ En(δl ln[δl] + Fna
2δl)} (9)

Priors are taken as: A0: 0.750(75), An, n > 0: 0.0(2.0),

Bn: 0.0(3), Cn: 0.0(1.0), Dn: 0.0(5), En, Fn: 0.0(1.0).

We include coefficients up to n = 4, with a constraint

on the n = 4 value [17]. Coefficients are independent

for f0 and f+ except for the kinematic constraint that b0
should be the same for both. From the fits we extract

bn,phys = bn(a = 0,ml = ml,phys).

Our physical curve in z-space is converted back to q2

space giving the lower plot of Fig. 3. We integrate the fac-

tor p3|f+(q2)|2 from Eq. 2 over the experimental bins in

Shape of f+ -comparing lattice QCD and 
experiment
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Future
• sets of ‘2nd generation’ gluon configs now have 
            at physical value (so no extrapoln) or 
         down to 0.05fm (so b quarks are ‘light’) 
also can include charm in the sea now. 

mu,d
a

Conclusion
•  Lattice QCD results for gold-plated meson masses, decay 
constants and form factors provide stringent tests of QCD/
Standard Model. 
• Gives QCD parameters and some CKM elements to 1-2% 
and constrains Beyond the Standard Model physics. 

• v. high statistics/large volumes needed for harder 
calculations (precision baryon physics, flavor singlet /
glueball spectroscopy, excited states, nuclear physics) will 
become available with increased computer power...
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