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Charm (and bottom) physics 
Lattice QCD allows ‘first principles’ determination of : 
• ‘gold-plated’ hadron masses for accurate tests/predictions 
and determination of mQ.
• simple hadronic weak decay matrix elements, key to 
Unitarity Triangle constraints
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Vqq�High accuracy is achievable. 
Need to test errors +
calculate using a variety of 
methods.
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Lattice QCD =  fully nonperturbative 
QCD calculation 
RECIPE
• Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral
(inc effect of u, d and s sea quarks)
• Calculate averaged “hadron 
correlators” from valence q props. 

• Determine      and fix       to get 
results in physical units.

a mq

• Fit as a function of time to obtain 
masses and simple matrix elements

a
• extrapolate to                               
for real world

a = 0, mu,d = phys
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Issues with handling ‘heavy’ quarks on the lattice in the 
same way as light quarks: 

Lq = ψ(D/ + m)ψ → ψ(γ · ∆ + ma)ψ
∆       is a finite difference on the lattice - leads to 

discretisation errors. What sets the scale for these? 
For light hadrons the scale is ΛQCD
For heavy hadrons the scale can be  mQ

hadron mass assuming O(mQa) improved

mca ≈ 0.4, mba ≈ 2 a ≈ 0.1fmfor

          nonrelativistic methods escape this problem but at 
the price of other systematic errors. 

M = Ma=0(1 +A(mQa)
2 +B(mQa)

3 + . . .)

quark mass

lattice 
spacing

          best approach depends on how small is  a
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Recent progress for charm quarks in lattice QCD 
Treat relativistically using:
Highly improved staggered quarks (HISQ)     HPQCD
Twisted mass quarks                                          ETMC
Spectrum Tests             masses easy + accurate.   Ds, ηc

mc
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Use one to fix          and test the other - errors a few MeV!
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FIG. 1: Grey points show the raw data for every ratio of
mc/ms on each ensemble (Table II); these ratios are fit to
eq. 4. The dashed line and associated grey error band (and red
point at a = 0) show our extrapolation of the resulting tuned
mc/ms to the continuum limit. Blue points with error bars
are from a simple interpolation, separately for each ensemble,
to the correct mc/ms, and are shown for illustration.

semble by ensemble basis this is taken from a parameter
in the heavy quark potential called r1. Values for r1/a
determined by the MILC collaboration [14] are given in
Table I. They have errors of 0.3-0.5%. The physical value
for r1 must then be obtained by comparing to experimen-
tally known quantities and we use the value 0.3133(23)
fm obtained from a set of four such quantities, tested for
consistency in the continuum limit [18, 19].

Using the information about meson masses that we
have on each ensemble we can interpolate to the cor-
rect ratio for am0c and am0s using appropriate contin-
uum values for the masses of the ηc and ηs. We cor-
rect the experimental value of mηc of 2.9803 GeV to
mηc,phys = 2.9852(34) GeV. This allows for electromag-
netic effects (2.4 MeV) [18] and ηc annihilation to gluons
(2.5MeV) [11], both of which are missing from our calcu-
lation, so increasing the ηc mass. We take a 50% error on
each of these corrections and also increase the experimen-
tal error to 3 MeV to allow for the spread of results from
different ηc production mechanisms [1]. Since the total
shift is only around 0.2% of the ηc mass it has a negligible
effect as can be seen from our error budget below.

The ηs is not a physical particle in the real world be-
cause of mixing with other flavor neutral combinations to
make the η and η�. However, in lattice QCD, the particle
calculated (as here) from only ‘connected’ quark propag-
tors does not mix and is a well-defined meson. Its mass
must be determined by relating its properties to those
of mesons such as the π and K that do appear in ex-
periment. From an analysis of the lattice spacing and
ml-dependence of the π, K, and ηs masses we conclude
that the value of the ηs mass in the continuum and phys-
ical ml limits is 0.6858(40) GeV [18].

The connection between the MS mass at a scale µ and

the lattice bare quark mass is given by [10, 20]:

m(µ) =
am0

a
Zm(µa, m0a), (2)

Zm = 1 + αs(−
2
π

log(µa) + C + b(am0)2 + . . .) + . . . .

From these two equations it is clear that

mc(µ)
ms(µ)

=
am0c

am0s

����
phys

, (3)

where phys denotes extrapolation to the continuum limit
and physical sea quark mass limit.

On each ensemble the ratios we have for am0c/am0s

then differ from the physical value because of three ef-
fects: mistuning from the correct physical meson mass;
finite a effects that need to be extrapolated away and ef-
fects because the sea light quark masses are not correct.
We incorporate these into our fitting function:

m0c

m0s

����
lat

=
m0c

m0s

����
phys

×
�

1 + dsea
δmsea

tot

ms

�
(4)

×



1 +
�

i,j,k,l

cijkl δ
i
c δj

s

�amηc

2

�2k
(amηs)

2l



 .

δc =
mηc,MC −mηc,phys

mηc,phys
; δs =

m2
ηs,MC −m2

ηs,phys

m2
ηs,phys

(5)

are the measures of mistuning, where MC denotes lattice
values converted to physical units. The last bracket fits
the finite lattice spacing effects as a power series in even
powers of a. These can either have a scale set by mc

(for which we use amηc/2) or by ΛQCD (for which we use
amηs). i, j, k, l all start from zero and are varied in the
ranges: i, j ≤ 3, k ≤ 6, l ≤ 2 with i + j + k + l ≤ 6.
Doubling any of the upper limits has negligible effect on
the final result. The prior on cijkl is set to 0(1). δmsea

tot

is the total difference between the sea-quark masses used
in the simulation and the correct value for 2ml +ms [18].
This has a tiny effect and we simply use a linear term
(adding higher orders has negligible effect). The prior for
dsea is 0.0(1). Figure 1 shows the results of the fit, giving
mc/ms in the continuum limit as 11.85(16) (χ2/dof =
0.42). The error budget is given in Table III.

ms/ml is known to 1% from lattice QCD as a byprod-
uct of standard chiral extrapolations of m2

π and m2
K to

the physical point [21]. MILC quote 27.2(3) using asq-
tad quarks [14]. Our HISQ analysis in [12] gave a re-
sult in agreement at 27.8(3), using a Bayesian fit to a
function including terms from chiral perturbation theory
up to third order in ml and allowing for discretisation
errors up to and including a4 and for mixed terms (i.e
ml-dependent discretisation errors). A full error budget
is given in Table III; the data are given in [18].

Quark mass ratios from lattice QCD

Determine mc/ms using HISQ for both - allows connection 
from heavy to light for first time
mc

ms
= 11.85(16)

 HPQCD, 
0910.3102

use for accurate 
from accurate 

ms

mc

�
mq1,latt

mq2,latt

�

a=0

mq1(µ)

mq2(µ)
=

mMS
c (mc) =

1.273(6) GeV
HPQCD, 1004.4285
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Decay constants

µ
ν

Ds

Vcs

< 0|cγ0γ5s|Ds >= fDsMDs

(amplitude of 
hadron correlator)

(ms + mc) < 0|cγ5s|Ds >= fDsM
2
Ds

or, in formalism with PCAC reln:

can extract fDs from 
expt. if Vcs assumed 

G2
F |Vcs|2τDs

8π
f2

Ds
mDsm

2
l

�
1− m2

l

m2
Ds

�2

B(Ds → lνl) =

exciting history!

249(16) 241(3) 248.0(2.5)244(8)

lattice 
prediction

HISQHISQ TMFermilab

 200

 220

 240

 260

 280

 300

 320

 2005  2006  2007  2008  2009  2010  2011  2012  2013

f D
s  (

M
eV

)

year

expt !"
expt "

full lattice QCD
2-flavor lattice QCD

Expt av.
LQCDav.

248(6)
TM

260(11)
Fermilab

relativistic charm

Leptonic decay rate:
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Decay constants - updates 2011

248.0(2.5)

260.1(9.5)

257(5)(?)

248(6)

av. of HPQCD
Fermilab/MILC
=248.6(2.4) MeV

no a error

248.0(2.5)248.0(2.5)

257.3(5.3)
CLEO, BaBar - BES will improve ....

1.6σ

RHQ, a=0.09fm
mu,d physical

Fermilab, a=0.12,0.09fm
mu,d extrapoln

HISQ, 5 a to 0.04fm
mu,d extrapoln

TM, 4 a to 0.05fm
mu,d extrapoln

 230  240  250  260  270  280

HPQCD HISQ 
1008.4018
FNAL/MILC
1112.3051

ETMC 1107.1441

PACS-CS RHQ
1104.4600

HFAG, Jan.11

average

!"

"
fDs

u, d, s sea

u, d sea

MeV

CD, LAT11, 1203.3862

PDG12:
260(5)
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The extrapolated result at the physical point, fDs;phys is
0.2480(19) GeV with a !2=dof of 0.2 for 11 degrees of
freedom. The fit is robust to changes in the fitting function:

(i) changing the prior on all the ci (including c1) to 0.0
(5) changes fDs;phys by 0:8" and increases the error
by 30%.

(ii) adding or subtracting two powers of a2 into the sum
on j in Eq. (19) does not change fDs;phys or its error.

(iii) adding an extra power of discretization errors into
both the linear and quadratic sea-quark mass de-
pendent terms makes no difference.

(iv) missing out the sea-quark mass dependence alto-
gether changes fDs;phys by 0:2" but increases the !2

value to 0.3.
(v) Changing all the #x values by 10% in either direc-

tion makes no appreciable difference, nor does
changing them within their error bars on, for ex-
ample, the ultrafine or fine lattices.

(vi) missing out the very coarse lattice results does not
change fDs;phys; missing out the very coarse and the
coarse shifts fDs;phys by 0:3" (1 MeV).

(vii) missing out the ultrafine result shifts fDs;phys by
0:4" (1 MeV).

Figure 10 shows the results plotted against the square of
the lattice spacing. The line is the fit curve for the physical
sea-quark mass values (i.e. #xl ¼ #xs ¼ 0). The shaded
band is then the final physical result including the full error
of 1.0% (2.5 MeV), to be discussed below and broken
down into its component parts in Table V.

We construct the error budget as before, separating the
error of 1.9 MeV resulting from the extrapolation to the

physical point into its components of statistical error, r1=a
error and errors from extrapolation in the lattice spacing
and in the sea-quark masses. Here the contributions from
statistical errors and the different extrapolation errors are
comparable.
The error in the physical value of r1 is 0.7%. This

becomes a 0.6% error in fDs
when the effects of r1 on

shifting the value of m$s
are taken into account. The effect

of the 0.6% uncertainty in the physical value of m$s
can

similarly be estimated from the dependence of fDs
on the

$s mass at 0.1%. The uncertainty in fDs
from the uncer-

tainty in the value of the $c mass is negligible. The error
from working on a finite spatial volume instead of infinite
volume is estimated at 0.1% from comparing finite and
infinite volume chiral perturbation theory. It is clear from
our results (see Table III) that we see no significant volume
dependence within our 0.5% statistical errors, which is in
agreement with chiral perturbation theory, but that pro-
vides a stronger constraint.
The size of electromagnetic effects inside the Ds can be

bounded by the size of these effects on the $c. By allowing
for an electromagnetic contribution to the heavy quark
potential we estimate that f$c

could be increased by up

to 0.4% by these effects. Since theDs has one quark of half
the electromagnetic charge and is also much larger, so less
sensitive to short-distance electromagnetic effects, we con-
servatively take an error of 0.1% from internal electromag-
netic effects [43].
The error resulting from missing c quarks in the sea can

also be bounded by the size of such effects on f$c
. In

Sec. III A we discussed a comparison between the hyper-
fine potential in charmonium and that induced by adding c
quarks in the sea. The hyperfine potential causes the dif-
ference between fJ=c and f$c

, which we will see in the

next section is very small, 3%. The c-in-the-sea potential
is 280 times smaller and so will produce a completely
negligible effect on f$c

and therefore also on fDs
.

Figure 11 shows the results for fDs
as a function of the

sea light quark mass, normalized to the strange mass as in
Eq. (A3). The lines show the fitted curves at the appropriate
values of lattice spacing and sea strange quark mass, along
with the final physical curve and final result with error
band. No significant dependence on sea-quark masses is
seen.
Our final result for fDs

is 0.2480(25) GeV, to be com-

pared to the October 2010 average from the Heavy Flavor
Averaging Group of 0.2573(53) GeV [25].

C. f!c

Here we study the remaining independent quantity that
can be extracted from the pseudoscalar correlators calcu-
lated here, the decay constant of the $c meson. Although
this cannot be directly related to any process measurable in
experiment, it can be compared between lattice QCD
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FIG. 10 (color online). Results for the Ds decay constant tuned
to the correct c and s mass on each ensemble as a function of the
square of the lattice spacing. The line shows the result of the fit at
the physical value for the sea-quark masses, as described in the
text. The shaded band gives our final result with the full error bar
as described in the text.
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HPQCD/HISQ 1004.4018 

New results 2012 agree 
from Fermilab/MILC 
using HISQ with 
u, d, s and c quarks in 
sea and u/d mass at 
physical value
E. Gamiz, ECT workshop, April 2012,

Vcs ¼
1

GFfDs
mlð1#m2

l =m
2
Ds
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8!BðDs ! l"Þ

mDs
#Ds

s
: (25)

This gives results for Vcs of

Vcs ¼ 1:033ð31Þ; Ds ! $"

¼ 0:990ð28Þ Ds ! #" (26)

where the error is dominated by the experimental branch-
ing fraction. We can combine the results, allowing for
correlated errors in fDs

and #Ds
, to obtain

Vcs ¼ 1:010ð22Þ (27)

This central value is in a disallowed region above 1 so we
also provide an alternative result that takes this into
account. We divide the error above into its statistical and
systematic contributions as 1.010(20)(11) and then reinter-
pret the statistical probability distribution as a Gaussian
cutoff at 1. We then take the central value as the median of
this new distribution and the error bars as encompassing%
one third of the area about the median. This procedure
gives the following result:

Vcs ¼ 0:990þ0:007
#0:012 % 0:011: (28)

Both these values for Vcs are compatible with CKM results
(or Vud) at better than the 2% level. An independent direct
determination of Vcs is possible from D ! Kl" semilep-
tonic decay for which it is also possible to obtain very
accurate results with the HISQ action [59].

A useful bound can be obtained on the mass of a charged
Higgs from comparing the experimental determination of
the Ds leptonic branching fraction to the expected result
using fDs

from lattice QCD (i.e. standard model), see, for
example, [20]. In a 2-Higgs doublet model (Type II) theDs

can also annihilate to a charged Higgs which interferes
destructively with the W annihilation. This changes the
leptonic branching fraction by a simple factor r, where

ffiffiffi
r

p
¼ 1þ 1

1þms=mc

"
mDs

mH%

#
2
"
1# ms

mc
tan2&

#
(29)

and tan& is the ratio of vacuum expectation values of the
two scalar doublets. r < 1 for large tan& but this would be
seen from an experimental determination of fDs

(using Vcs

from CKM unitarity) being smaller than the lattice QCD
result. Thus we can derive a bound in the tan&=mH% plane
from the fact that this is not the case. Here we update what
was done in [20] to include our new lattice QCD result
given here and the current world average fDs

from experi-
ment [25]. These combine to give a central value and error
for

ffiffiffi
r

p ¼ 1:038ð23Þ, i.e.
ffiffiffi
r

p
> 0:968 at the 3% level.

Equation (29), using our recent accurate determination of
mc=ms from lattice QCD [36], then excludes low values of
mH% as indicated in Fig. 19. The bound is not as strong as in
[20] because of the upward shift of our lattice QCD result.
However the fact that our lattice result, and now the

experimental average, are so accurate still means that a
bound exists. New results from BES [58] with improved
experimental errors would produce a much stronger bound,
if the experimental central value does not change but the
error on fDs

is reduced to 1%. This is also indicated in

Fig. 19. The exclusion limits should be compared to that
from direct searches at LEP (mH% > 78:6 GeV at
95% C.L.) from [60] and the estimates of discovery poten-
tial and exclusion reach of ATLAS at LHC [61].
Reference [62] obtains a bound of mH% > 316 GeV from
combining results from several processes including D=Ds

leptonic decay.
We have also updated results for f!, fK and fD based on

the change in the calibration of the lattice spacing used
here for fDs

but, however, with no new calculations in these

cases. We find results consistent with experiment. Finally
we have given a new very accurate result for f'c

which will

be useful as a calibration point for future lattice QCD
calculations in charm physics.
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direct limit from LEP searches [60].
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2.1. Decay constants: fD, fDs
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Semileptonic form factors Vqq�

3pt amp. 

DK

J

T

t

< K|V µ|D >= f+(q2)
�
pµ

D + pµ
K −

M2
D −M2

K

q2
qµ

�

+f0(q2)
M2

D −M2
K

q2
qµ

qµ = pµ
D − pµ

K

< K|S|D >=
M2

D −M2
K

m0c −m0s
f0(q2)

f0(0) = f+(0)

abs. norm. for c/s HISQ 
HPQCD: 1008.4562

dΓ

dq2
=

G2
F p

3
K

24π3
|Vcs|2|f+(q2)|2

expt:

D → Klν
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Updates on f+(0) 2011

using unitarity:
Vcs = 0.97345(16)

Vcd = 0.2252(7)

2 a values;
scalar 

HPQCD results will improve further....

1%3%

1 a value; vector 
+ FNAL renorm.

3 a values;
vector + double 
ratios to cancel Z

4% 2.5%

 0.55  0.6  0.65  0.7  0.75  0.8
f+(0)

HPQCD HISQ 
1008.4562;1109.1501

FNAL/MILC
hep-ph/0408306

ETMC 
1104.0869 

CLEO
0906.2983

f+(0)D->Kf+(0)D->

u, d, s sea

u, d sea

Quoting results at q2=0, max. recoil, is 
just convention. 
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0 0.5 1 1.5 2
q2 (GeV2)

0.7

0.8

0.9

1

1.1

1.2

1.3

f 0(q
2 ) o

r f
+(q

2 )

c D to K
c005 D to K
f D to K
c Ds to !s
c005 Ds to !s
f Ds to !s
fit D to K f0
fit D to K f+
fit Ds to !s f0
fit Ds to !s f0

f0

f+

c=coarse, f=fine

Lattice QCD can also calculate full q2 
dependence:

J. Koponen et al, 
HPQCD, 1111.0225

**NOTE ** very little dependence on spectator quark

disc. effects 
very small

Abs. norm. 
vector and 
scalar ops c → s

cs

zero 
recoil

max. 
recoil
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q2 (GeV2)
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f 0(q

2 ) o
r f

+(q
2 )

c D to ! f0
c005 D to ! f0
f D to ! f0
c Ds to K f0
c005 Ds to K f0
f Ds to K f0
c D to ! f+
c005 D to ! f+
f D to ! f+
c Ds to K f+
c005 Ds to K f+
f Ds to K f+

f0

f+

c=coarse, f=fine

Spectator quark mass independence also true for
                      and                         - both exptlly accessible D → π Ds → K

c → d

J. Koponen et al, HPQCD, 1111.0225
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Bin1 Bin2 Bin3 Bin4 Bin5 Bin6 Bin7 Bin8 Bin9 Bin9 Total

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

Pa
rti

al
 ra

te
 ra

tio
 E

xp
/L

at
, V

cs
2

CLEO
BaBar
BaBar fit
CLEO fit
Unitarity

q2 [GeV2/c4] 0-0.2 0.2-0.4 0.4-0.6 0.6-0.8 0.8-1.0 1.0-1.2 1.2-1.4 1.4-1.6 1.6-q2
max1.6-1.8 0-q2

max

Can extract Vcs from comparison to experiment at any q2

Will 
allow 
1.5% 
determn 
of Vcs

HPQCD PRELIMINARY

lattice 
errors 
best at 
high q2, 
expt at 
low q2. 
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Axial and vector form factors for Ds → φlν

 0
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 3500
 4000
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q2 (GeV2) 

 0
 500

 1000
 1500
 2000
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cos v  = cos K 

 0
 200
 400
 600
 800
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 1400
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Comparison to BaBar rate 
in q2 bins using Vcs = 0.97345. 
Can also use to extract Vcs (to 5%).

BaBar, PRD78:051101 (2008)

G. Donald et al, 
HPQCD, 1111.0254

Now more formfactors/
helicity amplitudes since 
vector final state. 

c → s
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q2 (GeV2) 

 Ds   form factors

A1(q2)
A2(q2)
V(q2)
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Heavy-strange decay constants
–  use HISQ for quarks heavier than c and extrapolate up 
to b using multiple lattice spacings

using HISQ so  no 
renormln needed. Error 
smaller than nonrel. 
methods and best so far.

fHs = A(mHs)
b
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αV (mDs)
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×
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Ci(a)

�
1GeV

mHs

�i

fBs < fDsNote                       - in fact          a 
max.

fDs

fBs = 225(4)MeV

Future plan - repeat for semileptonic form factors
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fBs , fB comparison

191(9) 227(10)

225(4)

242(10)197(9)

232(10)

172(12)

fB lattice average : 190(4) MeV

280(33)
fB expt

195(12)

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av BR(B-> ) 
+ PDG av Vub 

HPQCD NRQCD 
1202.4914

HPQCD HISQ 
1110.4510
FNAL/MILC 1112.3051

ETMC 1107.1441

ALPHA 1112.6175

fB fBs
fB,expt

u, d sea
u, d, s sea

189(4)

most 
accurate fBs 
available - 
most 
accurate fB 
from 
combining 
with  
NRQCD 
ratio

CD, LAT11, 1203.3862

tension with expt ...
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Further spectroscopy : 
Charmed baryon masses

R. Briceno, D. Bolton, 
H-W. Lin,1111.1028

SELEX - 
wrong?

predictions
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Charmonium spectroscopy from an anisotropic lattice study Sinéad M. Ryan
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Figure 8: Summary of the all the charmonium and exotic states. The dashed purple lines indicates the DD̄
and DsD̄s thresholds. The red bars are the experimental values.

of our determination of these states, with 96 configurations, is ∼ 17 MeV. For states below threshold
the precision is of the order 1% or less: ∼ 1 MeV on the ηc and J/ψ .

A complete description of all disconnected effects in the ηc is also outlined above. Using
distillation this calculation is considerably simplified and signals persisting over 5-10 timeslices
on just 39 configurations are resolved. This ongoing work with higher statistics will be more
completely described in a further paper.
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Charmonium spectroscopy
L. Liu et al, HADSPEC, 1112.1358

Use anisotropic lattices and many operators to obtain full 
spectrum of single meson states.   1 ensemble so far. 

exotic
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Conclusions
• Accuracy from lattice QCD charm physics in now very 
good. 1-2% precision possible on masses, decay constants 
and form factors with improved relativistic actions such as 
HISQ.
Need more results with such formalisms .. e.g. TM

• Extrapolation to b from c with HISQ/TM. Promising for 
masses + decay constants. 
Now move to semileptonic ffs. Tests at c form baseline.  

• Semileptonic form factors are important tests of SM. For 
D/Ds decays all q2 accessible to lattice QCD. Form factors 
have little spectator quark dependence.  
Lattice QCD is expanding the number of different ffs 
calculated. 
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More work on vectors (em decays) underway ....
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