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Quantum evaporation may occur in a variety of systems such as superfluids, Bose-Einstein condensates,
and gravitational black holes (Hawking radiation). However, to date all predictions are based on semiclassical
models, e.g., the Einstein equations and classical space-time metric for a black hole and only the fluctuations
are quantized. Here we use a fully quantized dynamical equation, the quantum nonlinear Schrödinger equation,
to study the evolution of quantum solitons. As a result of quantum fluctuations in the center-of-mass position,
the expectation value of the quantum soliton width increases and concomitantly evaporates through the emission
of frequency-entangled photon pairs. The frequency of this emission decreases as the soliton evaporates due to
the soliton spreading. In the final phase, the soliton mean field collapses irreversibly into a state with zero mean
amplitude. These results may provide insight to quantum evaporation in other systems where a full quantum
description is still to be developed and highlights that even classically stable systems may also be subject to
quantum evaporation.
DOI: 10.1103/PhysRevA.98.043859

I. INTRODUCTION

Quantum evaporation is a universal process through which
a system loses energy by interaction with the environment as a
result of the quantum nature of the system itself. One example
is the quantum evaporation of superfluids whereby energy is
lost through the emission of phonons [1] or rotons [2] into the
normal component of the fluid. Quantum evaporation occurs
also in bright [3] and dark [4,5] solitons propagation in the
interaction with a quantum reservoir. Recent experiments have
provided direct evidence of a quantum evaporation in BoseEinstein condensates (BECs) in the presence of a transonic
flow [6,7]. The most famous example, however, is the evaporation of gravitational black holes [8]. These systems share
the same shortcoming in that they are described by a semiclassical model: a completely quantum description in which
both the system and the interacting waves are fully quantized
is lacking. For example, in the case of black hole evaporation
the black hole is described by a classical space-time metric
and the evolution follows from the Einstein equations. Only
the vacuum fluctuations are quantized, as a result of which
emission of particles and evaporation ensues. A model in
which the black hole is also quantized (in the sense that the
governing dynamical equations are quantized) is still to be
found and given the difficulties encountered, the necessity for
such a theory is under discussion (see, e.g., Refs. [9,10]). Here
we provide evidence that a fully quantized model for quantum
evaporation may be developed within the context of optical
soliton evolution.
Solitons are localized analytical solutions of integrable
nonlinear partial differential equations, such as the KortewegDe Vries equation or the nonlinear Schrödinger equation
2469-9926/2018/98(4)/043859(8)

(NLSE) [11,12]. As such, solitons occur in many different
contexts, including light [13,14], ultracold gases [15], sound
and water waves [16], and even in the brain synapses or
in DNA dynamics [17–19]. It is possible to write a fully
quantized version of the NLSE (QNLSE) and this was used
to first study the quantum effects of pulse propagation in
nonlinear fibers [20,21] and then to identify the existence of
bound-state solutions from which it is possible to construct
quantum soliton states [22,23]. Tightly related to the QNLSE,
the generic quantum anharmonic oscillator equation predicts
a phase diffusion effect due to random fluctuations in the
photon or occupation number. This is followed by collapse of
the quantum wave-function expectation value as seen in the
average expectation that goes to zero, counterbalanced by an
increase in the fluctuations around the mean zero value [24].
Further evolution then leads to periodic revivals of the initial
soliton coherent state and the formation of Schrödinger cat
states, a direct result of the quantization of the bound states
[24,25]. This behavior was theoretically predicted to occur in
quantum solitons, with a periodic collapse and revival of the
wave-function amplitude that occurs over distances of the order of 107 km (or much smaller distances for the first collapse)
[26]. These predictions were extended to the case of BoseEinstein condensates (BECs) [27] and the periodic collapse
and revival of the matter wave function was experimentally
observed in a three-dimensional lattice [28]. All predictions
mentioned above do not take into account fluctuations in the
quantum soliton center of mass (COM) position.
A further key finding is that quantum solitons also undergo
random fluctuations in COM position [23,29]. This effectively
leads to suppression of the revivals: the quantum soliton is
characterized by a single collapse [30] that is reminiscent of
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the same behavior of the quantum anharmonic oscillator in
the presence of dissipation [31]. An intriguing semiclassical
analog of the quantum soliton COM fluctuations due to interaction with the vacuum can be found in the Brownian motion
of a matter wave soliton in the presence of a thermal cloud of
atoms [32].
II. QUANTUM EVAPORATION

In the following we investigate different quantum soliton
propagation regimes and show that the soliton loses energy
through the emission of frequency-entangled photon pairs at a
characteristic wave vector and frequency. We will refer to this
as quantum evaporation.
We use the second quantized form of the NLSE [22,23,29].
By adopting the units in [22,23,29], denoted hereafter as the
quantum soliton units, the quantum NLSE (QNLSE) reads
i φ̂τ (ξ, τ ) + φ̂ξ ξ (ξ, τ ) + 2κ φ̂ † (ξ, τ )φ̂(ξ, τ )φ̂(ξ, τ ) = 0, (1)
where τ and ξ are the propagation and transverse coordinate,
respectively, φ̂ the quantized scaled electromagnetic field in a
one-dimensional nonlinear medium and κ > 0 measures the
strength of the self-focusing nonlinearity. The Bethe ansatz
and quantum inverse scattering method [23,33] lead to the
fundamental soliton solution as a superposition of the system’s eigenstates |n, p with Gaussian weights gn (p) [23],
where n and p are photon number and momentum of each
state.

∞

an dp gn (p)e−iEn,p τ |n, p . (2)
|ψs , τ  = a0 |0 +
n=1

Here p is the variance of the distribution gn (p), and the
classical soliton corresponds to p = 0. In the most general
case, the quantum expectation value of the field operator
φ̂(ξ ) with respect to the state |ψ is given by the average
of a set of classical soliton solutions with different group
and phase velocities. The quantum soliton therefore displays
phase diffusion and wave-packet spreading [23].
In dimensional units, and with reference to an optical fiber
[13], we have the following expression for the soliton width
(calculated as the standard deviation) during propagation
along the z axis:
t 2  ≈ t02 +

h̄2 ω02 2 2
β z ,
t02 E 2 2

(3)

where β2 < 0 is the second-order dispersion coefficient [13],
ω0 is the optical angular frequency, E is the soliton energy,
and t0 is the initial soliton width. The soliton width relates to
the Gaussian distribution variance p, that plays an important
role in the quantum properties of the soliton dynamics, with
the following formula
p =

h̄ω0 β1
,
t0 E

(4)

where β1 is the inverse group velocity. Equation (3) gives
the spreading of the soliton width during propagation. For
h̄ → 0 the z-dependent part of Eq. (3) goes to zero, and this
corresponds to the fact that the classical soliton is stable and
does not disperse in the absence of quantum effects. The same

occurs when the number of quanta n0 = E/h̄ω0 in the soliton
goes to infinity. In contrast, in the quantum regime the soliton
exhibits collapse [26,30].
We next show that the quantum collapse is accompanied by
emission of radiation in the form of spectral sidebands. Using
the full quantum theory we obtain the spectrum S(kξ , τ ) of the
field operator φ̂(ξ ) as the square modulus of the expectation
value of the annihilation operator on the soliton state |ψs . To
accomplish this calculation we use a second-order asymptotic
expansion (details in Appendix B). We may calculate the
spectrum S(kξ , τ ) of the field operator φ̂(ξ ) as |â † â|2 . We
consider instead the quantity |a|2 that corresponds to the
macroscopic wave function for a BEC. Use of this second
quantity leads to an analytically simple formula that is a
good approximation to the spectrum for quantum states that
remain close to a coherent state. We verified numerically
that these two choices of spectrum do not differ markedly
in our simulations. This may be ascribed to the specific
features of quantum solitons, which seem to preserve a nearly
coherent state description. This is consistent with the fact
that the coherent states are maximally stable with respect
to interaction with a reservoir [34]. We therefore calculate
the spectrum in terms of the momentum cutoff p̄ = ω0 /c,
due to the narrow band of the field around ω0 , as originally
outlined in Ref. [35]. This quantity represents the quantum
counterpart of the modulus squared of the Fourier transform of
the classical field (expectation of the annihilation operator â),
which is in turn the Fourier transform of the field operator φ̂
[23]:


1
2
2 π kξ
S(kξ , τ ) = |a| ≈
sech
κn0
2p̄2 n20 τ 2
2



2k
2


− 2p̄ 2 − 2 ξ
2 kξ
p̄
+ cos p̄kξ τ .
e p n0 p2 cosh
2
p n0
(5)
The idea behind this calculation represents a further extension
of the concepts and techniques developed in Refs. [22,23,25].
Figure 1 shows the calculated spectrum for various soliton powers and reveal that, in addition to the dominant
low-frequency classical spectrum represented by the central
peak in Fig. 1, one finds a quantum contribution peaked at
a characteristic frequency kξ(e) . The lateral spectral tails in
correspond to the spontaneous emission from the soliton and
the resulting evaporation. From Eq. (5) we may compute the
relation between the emission peak wave number kξ(e) and p.
For quantum solitons with n0  n0 κ  1, and considering
the emission on the timescale of the soliton collapse, i.e.,
τ1 = 1/(n0 κp) [30], we have from Eq. (5)




π kξ
p̄kξ
2
1 + cos
. (6)
S(kξ , τ1 ) ≈ 2 2 sech2
n0 κ
n0 κp
n0 τ
The corresponding peak emission then occurs at
kξ(e) = π n0 κ

p
.
p̄

(7)

Equation (7) shows that there is a linear dependence of the
emission peak with p.
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FIG. 1. Emission spectrum according to Eq. (5) at a fixed normalized time τ = 1 versus the wave vector kξ in units of κn0 .

These results establish the connection between the quantum diffusion and the emission. Intuitively one may then view
the quantum diffusion as due to a series of emission events
from the underlying N = 1 soliton, the COM recoiling after
each such event. This notion of emission from the underlying
soliton is contrary to classical theory in which an energy gap
ensures stability [36].

FIG. 2. Square modulus of the quantum-average of the soliton
field in linear scale in function of both propagation distance, and
time in (a) the classical, and quantum regimes (b) p = 2κn0 , and
(c) p = 5κn0 . (d) shows the variance of the quantum soliton with
respect to the classical soliton at evenly spaced values of, i.e., p =
1 (blue) to p = 5 (green) in unit of κn0 . All figures are in units of
z0 = t02 /β2 and t0 = h̄ω0 |β2 |/γ Ppeak where Ppeak is the peak power
of the pulse and γ the nonlinearity.

III. STOCHASTIC SIMULATIONS

To further support our analysis, we resort to the numerical
solution of the full quantum model. The QNLSE is an operator
equation and cannot be directly solved numerically. Phasespace methods map the QNLSE to equivalent stochastic differential equations (SDEs) [37,38]. We use the positive P
representation that transforms the Heisenberg equations of
motion into a Fokker-Planck equation [35,37,39], which corresponds to a Itô set of differential equation [38]. The quantum
field is then represented by a stochastic field, and ensemble
averages built from realizations of the stochastic classical
field provide the observable quantum averages. The Itô set of
differential equation is solved numerically by a fourth-order
pseudospectral stochastic Runge-Kutta algorithm. The system
is fully quantized and thus results in a stochastic system of
differential equations for the pulse propagation. The algorithm
used, thus, cannot be a traditional fourth-order Runge-Kutta,
but more sophisticated algorithms, that take into account the
stochastic nature of the system are needed [40,41]. We first
numerically validate the quantum spreading in Eq. (3) by
studying the transition from the evolution of the invariant
classical soliton to the evaporating quantum soliton. Figure 2
shows the dynamics of the quantum soliton with increasing
p. p = 0 corresponds to a classical theory and absence of
spreading as shown in Fig. 2(a). For p > 0 Figs. 2(b), 2(c)
very clearly show the quantum spreading during the nonlinear
propagation, the amount of quantum spreading increasing
with p.
When p  κ the center-of-mass of the soliton is localized and the quantum fluctuations are irrelevant [23]. In

Fig. 2(d) we show the calculated variance of the stochastic
field and find very good agreement between theory and simulations. As the quantum fluctuations are irrelevant in the
limit p  κ the quantitative comparison with the theory
improves when p increases.
The sidebands emitted from the evaporating soliton
[Figs. 3(a), 3(b)] are composed of frequency-entangled photon
pairs. In order to show this, we follow the approach outlined
in Ref. [42] but here adapted to ω domain and calculate the
second-order correlation function:
G(2) (ω, ω ) =

a † (ω)a † (ω )a(ω)a(ω )
: n(ω)n(ω ) :
= †
.
n(ω)n(ω )
a (ω)a(ω)a † (ω )a(ω )
(8)

From Fig. 3(c) we can observe two areas of clear negative
correlation in correspondence of the spectral sidebands that
for a scaled propagation length z/z0 = 0.5 are located at
ω/ω0 ≈ ±5, and are indicated by dashed circles in the figure. There are other regions of negative correlations in the
spectrum located at symmetric positions with respect to the
central peak. These extra regions presumably correspond to
unresolved correlated sidebands that are closer to the center of
the pulse, and also regions in proximity of the pulse maximum
that are correlated with the central frequency itself. In order to
obtain the result shown in Fig. 3(c), we had to perform 103
realizations of the pulse propagation, each time with different
starting noise. After a large number of realizations the regions
with G(2) (ω, ω ) − 1 < 0 emerge in the picture. Thus from
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FIG. 3. (a) Evolution in the dimensionless frequency domain in log scale. (b) Average value of |a(ω)| and |a † (ω)| for a dimensionless
propagation distance z/z0 = 0.5 in logarithmic scale (c) Second order correlation function G(2) (ω, ω ) − 1 for a dimensionless propagation
distance z/z0 = 0.5. The dashed ellipses indicate the location of the spectral sidebands seen in (b) and where quantum correlations are also
observed in (c).

Fig. 3(c), we can conclude that the emitted sidebands are
composed by frequency-entangled photon pairs [42].

IV. REAL-WORLD NUMBERS

Writing Eq. (7) dimensional units, and for the case of
solitons in an optical fiber, we obtain for the peak frequency
ωe of the emitted spectrum (corresponding to kξ(e) in quantum
soliton units)
ωe =

π h̄ω0 β1 n2
,
Aeff |β2 |n0 t0

(9)

where the effective area Aeff is a measure of the area, which a
fiber mode effectively covers in the transverse dimension [13].
Therefore, for example a soliton coherent state with t0 = 10 fs
width will emit in sidebands shifted by ωe = 10 GHz.
From the numerical simulations, we estimate the normalized collapse distance z1 /z0 over which the emission will
be observed. We get z1 /z0 ≈ κn0 /(4p) that, in quantum
soliton units, corresponds to τ1 = 1/(n0 κp), given z0 =
t02 /2β2 [26]. Considering again a 10 fs pulse with a relatively low photon number (104 ) and a momentum dispersion p = 102 m−1 we get z1 = 0.25z0 ∼ 106 m. The photon
number we considered so far requires a high nonlinearity;
n2 ≈ 10−18 m2 /W . For a standard silica fiber the nonlinear refractive index is of the order 10−20 m2 /W , that corresponds to 1010 photons for 10 fs soliton coherent state.
In this scenario the collapse length z1 rises up to 108 m.
As recently shown even greater propagation distances are
experimentally possible for solitons in temporal optical cavities [43]. Losses accumulated over the long propagation
distances required here could hinder the direct observation of
entanglement. However, a more robust measurement would
be a heralded photon coincidence measurement [44] that
would allow to assess (even in the presence of losses, if
sufficient photon counts are accumulated) the nonclassical
nature of the soliton evaporation in the form of photon
pairs.

V. CONCLUSIONS

In summary, we have provided a model in which both
the dynamical equation and the field are quantized: solitons,
otherwise classically stable, evaporate into correlated photon
pairs. The concurrent processes of quantum evaporation and
collapse lead to complete dissipation of the localized soliton
state. This evaporation is associated to quantum fluctuations
of the center of mass of the quantum soliton. Quantum
evaporation has been predicted on the basis of semiclassical
models in other systems, the most notable being Hawking
radiation from an evaporating black hole and similar physics
occurring in BECs with transonic flows. However, our analysis is a radical departure from these effects. Quantum soliton
evaporation does not require the existence of a horizon or
any specific parameter tuning as in semiclassical optical fiber
soliton or BEC evaporation [3,5]. Rather, it is purely the result
of the full quantization of the dynamics and the resulting
fluctuations in the soliton, leading to photon pair emission
that is predicted to be observable even in macroscopic states
that can be experimentally tested. We have utilized the fact
that the soliton dynamics obey a clearly identifiable quantum
evolution equation. Such a luxury is lacking in other, e.g.,
gravitational systems, but the physics studied here may provide insight and guidance towards fully quantized models in
different settings.
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classical one. Using the following change of variables:

APPENDIX A: POSITION AND MOMENTUM
QUANTUM FLUCTUATIONS

ξ = β1−1 t − z,

For quantum optical solitons it is possible to define the
mean position operator [22]

ξ̂ =

dξ ξ φ̂ † φ̂ N̂ −1 ,

τ=

1 β2
z,
2 β12

(A4)

(A1)
we obtain

which can be interpreted as the position operator of the center
of mass of the photons system. The momentum and position
quantum fluctuations are given by [23]

t 2  ≈ t02 + 4p2

ξ 2  ≈

1 1
+ 4(p)2 τ 2
4p2 n20

if n0  1,

(A2a)

if n0  1.

(A2b)

τ1

z2 ,

(A5)

1
,
4(n0 β1 p)2

(A6)

with t0 initial width of the soliton pulse. From this relation we
have
β1
p =
,
(A7)
2n0 t0
using n0 = h̄ωE 0 , where ω0 is the leading frequency of the pulse
band and E the initial energy, we can write

From these relations we see that when p → 0 and n0  1,
the momentum and mean position quantum fluctuations vanish, since (A2a) and the time-dependent part of (A2b) go to
zero. From (A2b) it is possible to compute the scaled distance
of the soliton quantum collapse [29]
1
,
n0 κp

2

where we used
t02 =

P 2  ≈ (n0 p)2

β2
β1

p =

h̄ω0 β1
.
t0 E

(A8)

Thus (A5) can be rewritten as follows:


h̄ω0 2 2 2
2
2
t  ≈ t0 + 4
β2 z .
t0 E

(A3)

(A9)

For h̄ → 0 the time-dependent part of (A9) goes to zero.
Thus we proved that the limit p → 0 corresponds with the
classical limit h̄ → 0.

that diverges in the limit p → 0.
We now show, reintroducing SI units, with reference to
an optical fiber, that the limit p → 0 corresponds to the

APPENDIX B: CALCULATION OF THE SOLITON SPECTRUM

In this Appendix we derive in detail the soliton spectrum given in Eq. (B11):


∗
an an dpdp gn∗ (p )gn+1 (p) n, p , τ |a|n + 1, p, τ  ,
âψs =

(B1)

n

we first compute


n, p |â|n + 1, p =

dξ e−ikξ ξ n, p |φ̂(ξ )|n + 1, p


= Cn sech

π
(p − p ) δ[(n + 1)p − np − kξ ],
κ

√
where Cn = n(n + 1)/2|κ|−1/2 . We obtained a δ function centered in kξ = (n + 1)p − np ∼ np =
compute the mean value of the annihilation operator on the state |ψs 


ψs |â|ψs  =
an∗ an+1 dpdp gn∗ (p )gn+1 (p) n, p , τ |a|n + 1, p, τ 
n

≈


n

an∗ an+1 Cn



c2 n(n + 1)
τ
exp i
4



(B2)
(P )2 . We can now

dpdp g ∗ (p )g(p) exp {−i[(n + 1)p − np ]ξ0 }


exp {−i[(n + 1)p2 − np 2 ]τ }δ[(n + 1)p − np − kξ ]sech

(B3)

π
(p − p ) .
κ

The integration in dp gives the following phase-matching condition:
p =

kξ
n+1
p− .
n
n
043859-5
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The integral we have to solve is then
ψs |â|ψs  ≈



an∗ an+1 Dn (τ )


dp e
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 p 2

−

p

e

1
− (p)
2

n



kξ
n+1
n p− n

2


2 


π kξ
kξ
n+1
τ sech
p−
,
exp {−i[(n + 1)p − np ]ξ0 } exp −i (n + 1)p − n
n
n
κn


2

where Dn (τ ) = Cn exp [i κ

2

n(n+1)
τ ].
4

(B5)

This integral can be evaluated using the stationary phase method. The stationary phase point

is given by
d
{[(n + 1)p − np ]x0 + [(n + 1)p2 − np 2 ]τ } = 0.
dp

(B6)

Solving this equation we easily obtain
p0 (kξ ) = kξ .
(B7)
√
At first order 1/ τ there is no emission peak in the spectrum for kξ = 0. We find spectral peaks at the second order. We remark
that one has to take into account a spectral cutoff due to the narrow band of the field around ω0 , as originally outlined in Ref. [35].
The cutoff appears in the upper and lower limits of the integral with respect to p. The second-order 1/τ is computed as follows.
Given an integral of the form
 b
dξ f (ξ )eiτg(ξ ) ,
(B8)
I=
a

the solution up to this order is [45]


1 f (b) ig(b)τ
f (a) ig(a)τ
.
e
e
I≈
−
τ g (b)
g (a)

(B9)

Using (B9) and considering p̄  kξ and n  1 the result of the integration is

2

π kξ f (kξ ; p)  + (p)
1
− 2 p̄k /n
2 p̄kξ /n −2i p̄kξ t
sech
e
e
+ e (p)2 ξ e2i p̄kξ τ
nτ
κn
2p̄
−

p̄ 2

−

(B10)

kξ2

with f (kξ ; p) = e p2 e (np)2 .
Considering n ≈ n0 with n0 average photon number we can drop the summation on n in (B5) and compute the square modulus





π kξ f 2 (kξ ; p)
2 kξ
1
cosh
S(kξ , τ ) = |ψs |â|ψs |2 ≈ 2 2 sech2
p̄
+ cos(p̄kξ τ ) .
(B11)
κn0
2p̄2
p2 n0
n0 τ
From (B11) it is possible to compute the relation between the emission wave numbers kξ and p. We use the following
approximation:
n0  n0 κ  1,
and the scale of the soliton collapse, i.e., τ1 =

(B12)

1
n0 κp

[29,30]. Within this approximation (B11) becomes




π kξ
p̄kξ
2
1 + cos
.
S(kξ , τ1 ) ≈ 2 2 sech2
n0 κ
n0 κp
n0 τ

Considering the spectrum for kξ  1 with the approximations
(B12) we get



2πk
p̄
− n κξ
0
2 + cos
(B14)
kξ .
S(kξ , τ1 ) ≈ e
n0 κp
It is easy to show that the maxima of this spectrum are
kξe = ±(2n + 1)π n0 κ

p
n ∈ Z.
p̄

(B15)

(B13)

the emission wave number
kξ(e) = π n0 κ

h̄cβ1
β2 γ
= h̄π c 1
,
Et0
|β2 | n0 t0

(B16)

1 h̄ω0
where we have used p = βEt
as we computed in the
0
previous section and the definition of the cutoff p̄ = ωc0 [35].
In term of a frequency (B16) become

It is now interesting to write (B15) in terms of relevant
physical quantities; with reference to fiber optics we rewrite
043859-6
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h̄β1 ω0 π n2
,
Aeff |β2 |n0 t0
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where we used γ = n2 ω0 /cAeff , with Aeff the effective area
of the fiber.

integrated Eq. (C7) by using a stochastic Runge-Kutta algorithm [41].

APPENDIX C: MINIMAL INTRODUCTION
TO PHASE-SPACE METHODS

APPENDIX D: INITIAL CONDITION
FOR THE NUMERICAL SIMULATION

The QNLSE is an operator equation and it can not be
directly solved with numerical approaches. It is thus necessary to use phase-space methods [39], which map operator equations to equivalent stochastic differential equation
(SDEs). We use the positive P representation; it transforms
the Heisenberg equations of motion to a Fokker-Plank (FP)
equation [35,37]. The functional P representation is defined,
in a 2N-dimensional phase space, by

ρ̂(t ) = Dμ[α, β]P [α, β]λ̂(α, β ).
(C1)

To compute the initial condition for the stochastic numerical simulation we can observe that the initial quantum soliton
state |ψs  is maximally overlapped with the soliton coherent
state [29]. We can realize that by looking at the soliton state at
τ =0

∞

|ψs , τ = 0 =
an Cn d n ξ g̃n (Yn )

The kernel λ̂(α, β ) is a projection operator onto an offdiagonal pair of coherent states |α, |β:
λ̂(α, β ) =

∗

|α β |
.
β ∗ |α

(C2)

The positive P representation is defined by choosing the integration measure as a volume measure in the 2N -dimensional
phase space
Dμ[α, β] = l dαl dβl .
(C3)
The positive nature of P (α, β ) means that, whenever the
corresponding evolution equation is of the FP type, than an
equivalent set of Itô stochastic differential equations exists and
describes the motion of the coordinate (α, β ) of a fictitious
particle in the phase space [37].
Substituting (C1) in the equation
i h̄
with Ĥ given by



Ĥ =

d
ρ̂ = [Ĥ , ρ̂]
dt

(C4)

dx (φ̂x† φ̂x + φ̂ † φ̂ φ̂ † φ̂).

Writing the Hamiltonian in SI units we get


∂
i h̄ Dμ λ̂ P [α, β] = Dμ P [α, β][H, λ̂],
∂t

(C5)

(C6)

integrating by parts we obtain a Fokker-Plank equation that
corresponds to the following Itô set of stochastic equations:
αt (x, t ) = −i
βt (x, t ) = i

ω
αxx + i γ̃ α 2 β +
2

ω
βxx + i γ̃ β 2 α +
2

(i γ̃ )αξ (1) (x, t ),
(−i γ̃ )βξ (2) (x, t ), (C7)

with γ̃ = h̄ωγ . ξ ( j ) are time-distance dependent, but mutually independent, real Gaussian white noises. We numerically
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